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PREFACE 


The following pages contain certain interesting results 
in the Geometry of H yper-spaces, entirely a modern branch 
of Mathematics, which is now recognised as an indispens- 
able part of that science with extensive applications in 
Mathematical Physies. In preparing, this volume I have 
always adopted analytic methods of proof, supplemented by 
geometrical conceptions where simplification could be 
gained thereby. The subject covers too extensive a field to 
be adequately dealt with in its various aspects in a small 
work like this ; consequently, in the choice of subject- 
matter I have selected only those which could be treated 
on the most elementary principles without a knowledge of 
higher Mathematics. I have carefully avoided the discus- 
sions of of geometrical figures which, in higher spaces, are 
no doubt very complicated and difficult of conception. 


In Chapter I, the most prominent properties of isocline 
planes have been discussed. 


In Chapter II, Motion in a space of four dimensions 
has been studied, but little attempt has been made to exteud 


the ideas to spaces of dimensions beyond the fourth. 


In Chapter III, Complexes in »-dimensions have been 
discussed, giving, in some cases, geometrical interpretations 
to the equations defining the Continuum. The name 
vd ‘Poralleloschem " has been adopted after Schläfli. 


"In Chapter IV, properties of hyper-surfaces have been 


discussed at some considerable length. No writer in hyper- 


geometry has as yet, to my knowledge, attempted a syste- 


Meu study of the subjeet; my attention has however 


n pner confined to a  systematie development of the 








subject on. the most elementary principles, although a 
thorough discussion has to be postponed for want of space. 

In Chapter V; only an introduction of the differential 
methods in the geometry of hyper-spaces has been 
attempted. 

In a modern science like this, great confusion arises with 
regard to nomenclature. A considerable number of new 
terms have therefore been introduced, formed, as far as 
practicable, in accordance with recognised principles. I am 
indebted to the works of Veronese, Bertini, Schläfli, 
Manning, Cole, ete., for substantial help in preparing this 
volume and my obligations to these authors are perhaps 
greater than I am aware of. 


In conclusion, once more I must acknowledge myself 
in the highest degree indebted to the Hon'ble Sir Asvtosh 
Mookerjee, Vice-Chancellor and President of tke Council 
of Post-Graduate Teaching in Arts, University of Calcutta, 
for his extreme kindness in often encouraging me to 
prosecute research in the field of hyper-geometry. It was 
his most inspiring advice which prompted me to take to 
the subject and continue the investigation. My best 
thanks are due to Mr. A. C. Ghatak, B.A., Superintendent, 
and the Staff of the Caleutta University Press, who took a 
personal interest in bringing out the book in the least 
possible time. 


University or CALCUTTA, | 
7 | S. M. GANGULI. 


March, 1922. 
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CHAPTER ! -Isocline Planes. 





1. Angles between two planes : 

We have already defined (Part, I $. 23) minimum angles 
between any two planes and obtained analytical expressions 
for them. We shall now show that they really define the 
inclination of one plane to the other. 


be the direetion-cosines* of the two given planes, both 
passinz through the origin. 

Then, by analogy to the formula in our ordinary 
Geometry of three dimensions, we may assume that some 
funetion or funetions of the angle or angles between the 
two planes (which we denote at present by cos 12) are 
given by 
XLrs L'rs 


o — 
Sra sin 6 sin & 


* See the nuthor's paper * On the angle-concept in n-dimensional 
Geometry "—5 5. Bulletin of the Caleutta Math. Soc, Vol IX, No. L 




















2 ANALYTICAL GEOMETRY 
or sin 6, sin &' cos Q2 X Lrs Lire p z51.2. 3. +] 


L olv As Sr d t 7 
—* | 


| LF, THE... Hm, Tum +... | 


Pym tym, d... HARU, +mym', HH. 


^ ^ — 
cos I cos Ln EV. P 
ai ^ . 
l'm cos mm" 
(I) Gm!) | 47: PO 
7! (m) Cam’) / 
TEE new a Mime, 7 ’ 
2 where cos WS W') and sin m. * 
— 2. [Im] [Pm] cos — (I) (mm') — (m!) (m) — a) d 





To prove that this formula must always hold, we take 
nny other Hes (L) in the plane e am. — dnd Yr 


y cosines mar be taken as— A E 
Pa echo. qe us. Nean [mds 3,8 a — EUST 


"s s | * = k 
* 2 G? LU _ | an i < 
Y where A and. p are multipliers. TA a ay SOAT A 
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Now, we huve L; =AL; + pn, 
and ]—ZEL,?-A?*-r,4*--2Ajg cos (pty) KERE X 


If the formula (1) is to be always true, we must have 


| Al, +ym, Al, Kun. b vU 
sin d. sin cos U. => | | 
| Es E | mi m^, 
à i l l, TN " n 
— 
JT we, | 95V. eS 


=p sin @ sin @ cos Q, by (1) 
"^ sin @ cos Q, =p sin (¢ +4) cos Q. Pier, t 
Similarly, by considering the planes (L, m) and (l,m) 
we have 
sin y. cos 2, =À sin ($-F- wy) cos 12. ies (4) 
If the formula (1) is to be always true, eonditions (2), 
(3), (4), must simultaneously hold and we should have 


(2f), —1l,. 
m 





^ 
Now, cos ó—!L-2—35l,iAL, 4pm ,) 


—AZX,?-d- 5S ;m, ^ 
=A+ (lm) 
Fig. 1 
> =A+p cos (+ý) — 
» 
Similarly, cos V —cos Lm —u4- cos ($-4- v) 2e CQ) 


os sin*$-—1—cos*$—1—1AX-r-A cos (p-+w)}" 
| =p" sin" ($4-V), by (2) 
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nud sin* q/—1-—cos* Y=A?* sin (6+W). 
Aves pudet M e te | 
' sin v sino sin (@+wW) 
Substituting these values of A, n in. (3) and (4), we find 
cos £2, —cos 12, —cos U. 
and therefore, Ua mE fl 
and the expression (1) always holds. 

Since the expression (1) involves only the. functions of 
angles between the four lines determining the planes, it 
is independent. of the orientation of the svstem of axes aud 
depends only on the initial lines, 

l it, EA vu r, 

Putting Liman TS | 

m, ml [m', m. 
the expression (1) may be written as— 
cos Q., sin 6 sin 6 —[Im/TI'in']. 
or, cos? f2—[Im/ 'm']*/(Im]* [m'].* 


So far we do not know what 2 or cos OQ means. But 
we have seen that if 6, and 6, be the minimum angles 
between two lines, one in each plane, 


cos? 6,. cos* 8, — [Im/Im"]* /[tm]* [Im'].* * 


Thus we find that cos? f2—cos*0,. cos*é,. 


£e, what we have called cost? is nothing but the product 
of the cosines of the two minimum angles between the 
planes. 


e Vide— Analytical Geometry of Hyper-spaces, Part I, $. 23, 











ISOCLINE PLANES 5 
Hence, we may define the magnitude Q as the ** //yper 
angle " between two planes, when it satisfies the relation 
COS" Q—cos* 6, .cos*é,. 


2. We have seen that the minimum angles between 
two planes (/, m) and (p, 7) are given by the equation :— 


cos*O[Im]*[pq]* + { Llnpy]* —[Im]*[pq)* — Um/pq1* 1cos*8 
+ [/m/pq]* =0, 
Put [^m]*[pg]*—a* 
[Impq |? =b" 
[/m/pq1*—e*. 
Then the equation becomes— 


a? cos* 6+ (b* —a* —c* ) tos? 6-- c* —0. 


This 15 à quadratic in cos* 6. 





L0 eost g= (at ent Lt) + vr Lat er yr ares 
jx "3 RE 7. 
— (a? 4 o* —b* + Vat  b* +¢* —2a* b? —2b3 c* — 290302 
2a” 
The expression under the radical sign breaks up into 
factors— ; 
—(a+b+c)(b+ec—a)(c+a—b)(atb—e) ... (1) 


.. The two roots of the above equation will be equal 
when any of the factors in (1) vanishes. 
The expression under the radical may also be written 


in the equivalent form 





WO C Sas Heo L | U. ow" 6^.c 
0 c* b* Gg QOcvb-:b 

A = — 
b-6*.0- a 


— — ke 
n 
K 
© 
~ 
D 





W 41 ul — 
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Hence, the eondition for the equality of the roots may 
be written as A =0, or 


| 0 j i 1 | 
1 ü [Um / pug lS [Impa |” S 
pad (mpg? 0 [m].* [py] 

— Hapa [im] [pa] .O 


When this ———— is satisfied the two roots are equal, 
l€., cos 8, —cos 6,. < 0, —0, or —0, 

In this case the two planes are said to be ¢esecline to 
each other. 

Definition :—'lI'wo planes are said to be :soc/i»e to 
each other, when the two minimum angles between them 
are equal in magnitude. The two planes are called 
* exsoclines.”’ * 

3. If two half-lines in the plane a make equal angles 
with another plane 8, then the half-line bisecting the angle 
between them and the half-line bisecting the angle between 
their projections upon 8 will lie in one of the common 
perpendicular planes of a and £, and the angle between 
them is equal to the equal angles between the two planes. f 

Let 7, m be the two half-lines in a and p, g their projec- 
tions upon £, all passing through a common point. 

Let A and p be the half-lines bisecting the angles 
between (7, m) and (», 7) respectively. | 

à I +m, 
y= OA 


p — picta. 
NEC 2 < > : 
: fil, 2, 3, 41 


* Cf. § 24, Gor: 5, Ana, Geo, Part I. 


+ This theorem has been used by Veronese in — perpendicular 


planes—Grundztige der Geometrie, &c. S 150. | u 


- 





LS 
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and 1—34,*—1[EX!/,* L m,* 4 2(Im)) 
L—i1il-4-Om)i Jee, ul 
Similarly, ]1—:11--'»4)| v Z H 


If $ be the angle between A and p, we have— 
: cosp =I); p; =) Sl, p, temp. +I g: +m, g:} 
(Up) + On p) + (13) + m4) 1. 
But (4p) = (m4) =cos 6 (say) 
" cos $—112 cos 64 (mp) 4- (13) 
Now, m, p,q determine a three-space and Z mvn is a 


right dihedral angle. - 
7. We have, be Spherical Trigonometry, 


E (mp)-—(mg) (pg)—cos n (pq) 


and (q)— Up) (74) — eos 6 (pq) 
cos $=} |2 cos 642 cos 6 (mait —111-- (pg) {cos 6 
=cos @ [by (2)] 
Again, (Ap —(AI) (lp)=cos 6 (Al) 
(Ag) 2 ' Xm) (mq) — (AL) (Ip) =cos 0(A1) 
~ (Ap)=(q) 


> 
** 


|... But (Ap) —(Ap) (ep) + [A]L ap] cos Ap p* e.c (3) 
and (Aq? — (Ow) Lg" + [A] [ug] cos Z App 
= (Aa) (pp) + [Ap | [mp] cos Z 493 e: (4) 
^ From (3) and (4) we have— 
Cos Z Aup-Cos Z Aug 


£.e.. the dihedral angle Man =the dihedral angle Apu : 
de., the plane of (À, x) is perpendicular to the plane of (p, q) 


; te, to B. 
ins... * Tod Hunter, Sph. Tri, $ 42; 


1E w Z 
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Similarly, it may be shewn that the plane (A, p) is 
perpendicular to the plane a, 

^ The half-lines A and » determine a common perpen- 
dicular plane of the two isocline planes a and 8; and the 
angle between them is equal to the **zsoc/ína? angle" 
between the planes. 





Cor. : more than two pairs of opposite half-lines 
in one of two planes make any wiven angle with the other 
plane, the two planes are ¢soc/ine and the given angle is 


called the “ rsoclinal angle” between the planes. 


4. The generalised form of the above theorem is the 
following :— 

If ^ and n be taken one in each plane, dividing the 
angles between the “wenemal fives” in the same ratio, then 
the plane of (A, 4) is perpendicular to both a and 8 and 
the angle between A and p is equal to the isoclinal angle. 





| q 
Fig. 2 a 
Let A, =AL; +Bm, Ì [=], d. 9. 4] 
H+ A i+ Bg, \ - x = 
and ] —3XA,*— A*--B?* --2 AB(Im) 4 f 
and l=Sy,*=A*+B* +2 AB(pq) c 


COS p=, p; — AL, E Hm, TL Ap. +P¢,) : 
=A* (1p) + B* (m4) T AB) AB(np) 

—A* cos0+B* cosó-- AD mba) + AB cost pg) 
=cos BLA +B*+2AB(pq)]=cos 0. 






— 


K "4 PC LS ee ee 
- 4 
4 





ISOCLINE PLANES 9 


Again, 
(Ag) =S(Al, + Bm, )g7, — Ag -- Bémi4) 
=A cos6(pg)J- B cos6 
—cos 61 A( pq +B} — 3 


(Ap) es ZL AL. + Bm; U TE — A(tp) +- B( my») 
=A cos0 LH cos@ pg) 
—cos 61 A+B(pq)} — C.» 


Also, (Ag) =(CAp (uqg)+ [Aull oq] cos Z Aug — XP) 
=cos HI A na" + HL Anu lug) cos Z Aj. 


From (1). [Aj] ag] cos Z Apg=0 
— cos Z Aug =0 


^ 4 Aud or the dihedral angle Apg is a right angle. 
Similarly, it may be shewn that App is a right angle, če., 
the plane of (A, 4&4) is perpendicular to 8. Similarly, it is 
perpendicular to a. 

Cor. :— Hence it follows that any plane meeting two 
isoclines a and #8 in two lines which divide the angles 
between the minimal lines in each in the same ratio is a 
common perpendicular plane to a and 58, and the two planes 
cut out on it an angle equal to the isoelinal angle. 

5. If two planes eut out equal angles on a pair of 
common perpendicular planes they have an infinite number 
of common perpendicular planes, on which they cut out 
equal angles. Unless they are absolutely perpendicular 

planes, any two of these common perpendicular planes cut 
out equal angles on the two planes. 

Lët two planes a(/, m) and B (p, 4) — a pair of 
common perpendicular planes (7, p) and (m, g), on which they 


^ ^ 
eut out the angles ¢=/p and ¢@=my. Consequently 7,» and 


pP, q are the minimal lines. (Fig. 2.) 
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It is known that angle ¿w and pg are right angles. 


^ ^ 
In ¿m and py, lay off equal angles (A and py. 


Then, evidently the lines A and p divide the angles 


^ 
m and pg m the same ratio and therefore supposing that 


$—4, by the corollary of $ 4, the plane of (A, p) is a 
common perpendicular plane to both a and 8, and the angle 
A - - — 
Ap is equal to the isoclinal angle $. 
| ^ ^ 
We can make the angles /A and pu equal to ant 
given angle and in all cases the plane of (A, 4) is common 


^ ^ 
perpendicular to a and B, provided the angles /A and py are 
equal, 


Thus there are infinite number of common perpendicular 
planes to two *'* isoclines.”’ 


| Again, since the half lines of the common perpendicu- 
lar planes make equal angles with 7 and p, any two common 
perpendicular planes mnst cut out equal angles on a and 
B, provided a and £ are not absolutely perpendicular ; for 
in that case all lines in a are perpendicular to all lines in 
B, and any plane is a common perpendicular to both. 


6. The converse theorem is also true :— 

If two planes, not being absolutely perpendicular, 
have more than two common perpendicular planes, the 
acute angles which they cut out on any pair of these com- 
mon perpendicular planes are equal, and the planes are 
isocline to each other.* 


< 


* Cf. Manning —Geom eo) etry of Four Dimensions sions, § 65, — 


«ndi 4 
EJ 
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In the figure of the last article, let (A, 44) be another 


common perpendicular plane to a and 8, and let /p-—4 
^ ^ 
and w4—d'. It is required to prove that Au —4$—4'. 
A A 
Suppose we had X424 t.¢. >/p. 


“ (Ap) p) 


But (Ap) =p) (pp) and (1p) —(p)C pp) 
La) Op) Az eM 
Again, (Ap) — (1A) (lp) and (Ip) —(A - (Ap) 
np) (Cp) e (2) 


Inequalities (1) and (2) lead to contradiction. 
We must have (A )—//p) —cos d. 


A^ N 
LË. ^ Aye => o lp, 


^ A 
In the same way it can be proved that A4-—4-—4'. 
A^ | 
S An^; 
f.a., the planes a and f are ** isoclines." 


7. If (7, 5$) and (p, 4) are the ** minimal lines ” of two 


planes a and 58, aad if two half-lines X and » be taken, one in 


each of the planes, dividing the angles between the mini- 
mal lines in the same ratio, the plane of (^, +) is equally 
inclined to a and 8. The angle eut out on this plane by 


a and B lies between @, and @,, the minimum angles be- 
— tween a and 8. Also, the plane of the half lines bisecting 


the angles 6, and 6, intersects the plane of (^, 4) ortho- 


gonally and bisects the angle between A and p. 


b 
1 ^ 


u^. . 
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Let & and À be the lines bisecting the angles 6, and 6, 
and let the plane of (4, Æ) intersect that of (^, 4) inthe | 
line 'T. 
" Fig. 3 5 
‘ | Also, let X, =Al, +Bm, : 
pi AH, + By, x 

n. hy — [/—1, 2, 3, 4] 
| Y TS | 
| e Ka c 
t4 
E We have. (1p) — (p) (pi) —cos 6, (ip) t <1, 
if —cos 8, (AD =(Ap) = ee 
L6 Now, (1p ) 21A). (Ou) [AO] Du. cos — A ——— 
TSOR EET xs — 
N Alo — (Ap)=(pr) — [An] cos d. A * MM NEC 
`- ER 1 ) % EM ees us ba — sg — i 





— 





" disi inan « d eS 
L . 
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li) — (1X) (Ag) 
For, cos Z lA, — — cos Z mÀ ERA E Takad AL 
| ‘ "T (X9 Dad 


_ (lp) (pr)— UA (Ap) 


— — — 


But cos Z Tm A Ln TT on a 
H 


— (mq) (jq ) — (Ane) (Ap) 
[Am] [Ap] 


— cos 6, [pk] — [1A] (Ap) 
(IX) [Ap]. 


cos 6, (pp) —(1XA) (A j) cos 6, [pel— IA] (Ap) 
S [ZA] [Ap] (1X) [Ap 


or cos 6, pp) (1X) — (X)? (Ap) 
: F =—cos B, L pp [7A] + UA TS (Ap) 
or (Ap) {(1A)* +[1A]*} =cos 0, (pr) (0X) o cos 6, [pa] [A] 
=cos 6, (IA)? 4- cos 6, [1A1* 
But (1A)? 4- [74]* =1 
n (Ap)=cos 0, UA)” 4- cos 6, [IA]* 
(X4) (IA)? +c08 6, [7A]* 


for, cos p= (àu) < cos 8, 
=. (A) (1—(1X3)* ] 2 cos 6, [IA]* 
a s a. Qua) [IA]? 2 eos 6, [7A] 
thy = | (Apu) >cos Ó, ie., cos $2 cos 6, 
| ~~ deù, 






55 C That is, if œ is greater than @,, it is less than @,, i.e, 
ET * lies between 6, and 6,. 
















Het - ka E n- œ = EX d "y = m 
e — 
14 ANALYTICAL GEOMETRY 
The angle (v) between the planes of (A, p) and (X, A) 
is given by— 
cos? i [Ap/ KMS [Au] * [M4.]* 
The numerator is the square of the determinant D 
(Ak) (Ah) 
ie., of (Ak) (uh) —(AR) (uk) 
(uk) (ph) | 
í i, + X. m; +q; | 
or, of | SA, L Bm (P+) } J SAR, Bao (tt )] 
= m: +9, ) | n. li tp, ja | * 
f SCALE Bo.) (EL)? (Xp + Bao( $27] d 
ooo deser [ APE Cmp)+ Up p) GpY)— Op) "x 
+ B*((np;Gnq)4- (np) — (09) —(19)6m4)) DE 
L ! —— 
But (p) —! and Hamel: 5 ee 
b ! we The numerator becomes zero; i.e., COS =O UA — " t 
S | ; r * v=3- * s e =, per à 
uo ER i gia licis OS abd Be mütua — 


py L — Also, the direction-cosines of | the 
id T interséetion of the planes (%4) and (fA ae ok 
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This shows that the line T bisects the angle between 
A and p.” 

8. Conjugate series of isocline planes:—Let the 
planes a and Æ be two isoclines and let the plane «' be 
absolutely perpendicular to a, so that the four terminal 
half-lines Z, m, form a rectangular system. 

The two planes « and Æ have an infinite number of 
common perpendicular planes ($ 5) on which they cut out 
equal angles and any two of these common perpendicular 
planes cut out equal angles on e and £. 





Thus, if in the planes a and B we lay off an angle «y 
from Zand p in the same sense, the half-lines of these 
angles will form an angle 6, and will determine a plane 
y perpendicular to both a and 8. This plane y is perpendi- 
cular to both the planes a and a’, and consequently is one of 
the common perpendicular planes of 8 and a.” The 
plane y makes with 7" an angle V and can therefore be 
determined by laying off angles from / and / and 
the construction can be performed without any reference to 
the plane 8. "Thus this plane y is a common perpendicular 


i s * The angle X has been called an isoclinal angle of the planes e 
" and B. and the angles 9, nud 0, are its maximam and minimum values. 
( Víde —Truns. of the American Mathematical Society, Vol. IJ, 1901, 
D page A09, paper by L Stringham.) Stringham says that “Two 
E planes may be said to be mutually isoclinal, when their isoclinal angle 
is constant,” and he calla the two planes “isoclines.” We have called 
EO constant angle “isoclinal angle between the two planes." 
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plane to all the planes of the isocline series B, obtained by 
giving different values to @. Similarly, by giving different 
values to v we have an infinite number of planes y per- 
pendicular to all the planes of the series 8 

Thus we have obtained two series of isocline planes, 
B series, and y series, each plane of the one series being 
perpendicular to all planes of the other series. These two 
series of isoclines are called “ conjugale series of isocline 
planes.” 

9. Senses of isoclinism * :—In the above construc- 
tion we have taken 0—6.' But the two planes « and £ 
will still be isocline if we make 6— —8, These two 
cases are quite distinct, and in the latter case we measure 
0 — —@ in the plane (mw, m') on the side of » remote 


from 4 and if g’ be the other arm of angle, we have (p= 


^ 
and my = —@,and the plane determined by (p, 9’) is 


isocline to a, but in a sense opposite that in which the 
plane (p, 4) is tsocline. Thus both the planes (», 7) and 
and C p, g) are isocline to a but in opposite senses. If we 
lay off equal angles on (/, /^) and (m, m’) on the same side - 
as p,q; and p," q” be the other arms of these angles, 
then the planes ( p, q) and ( p," 4^) are isocline to a in the 
same sense. 

When two planes are isocline in opposite senses, one is 
said to be poxifirely rsoclrne and the other negatively 
taocline, 

10. We may here quote (without proof) two very 
important theorems regarding isoclines : 





Theorem A:—Ifa plave is isocline to another, the — — 





latter will be isocline to the former in the same sense. — 


*1. Stringbnm— Transactions of the 
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Theorem B :—Two conjugate series of isoclines are 
isocline in opposite senses. 

Cor.:—Two absolutely perpendicular planes are isocline 
in both senses, but only in one sense when we distinguish 
in each a particular direction of rotation. 

11. Given a half-line (p), not in a given plane a, nor 
perpendieular to it. Determine the number of planes 
which ean be drawn through (p), isocline to a and also 
their senses of isoclinism. 

Let (7) be the projection of p on the plane a. "Then 
the plane of (p, 7) is perpendicular to a. Let (m, q) be 
the plane absolutely perpendicular to the plane (p, /) and 
let m be the line of intersection of a with (m, q). In the 


^ A A 

plane (m, q) lay off angles mg and mg’ (equal to p/), 
measured from m in opposite directions. The terminal 
half-lines of these angles are g and g.” Then p and g 
determine a plane which is isocline to a in one sense, but 
p and 4' determine another plane through p isocline to a in 
opposite sense. Thus we see that there are two planes 
which can be passed through (p) isocline to a in opposite 
senses. 

The construction is this; From m lay off (in the plane 





^ h 
(4, m) angles 6 and — 0, where 0 — 5/. 
< I 
j ; Fig. 5 
F 
In (7,97), p and 4 are the minimal lines, while in 


L.B, q ay P» and q are the minimal lines. 


12. The two common perpendicular planes of a given 
piane a and two other isoelines in the same sense, drawn 





"e -—- K gr. y " — s "n 


T c i d 
‘> . 793 I yg Y 6 
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through a line of a, are inclined to each other at an angle, 
constant for all positions of the line. 


Let (l, m) be the given plane a and a' (/,' m’) its 
absolutely perpendicular plane. Also, let Æ (7, 4) and 
y Cp, 9’) be two planes isocline in the same sense to a. It 33 
is required to prove that the angle between the common 
perpendicular planes to the two series which pass through 
any half-line (7) in a is constant. 


E 
Y m' | 





Fig. 6 


Let (7. p) be a common perpendicular plane toa and 8 
ecd (4, p) to a and y. Let (/, p) and (/, p) meet the 
plane a’ in the half-lines 7’ and m.’ 


We have seen that the common perpendicular planes of 
a and y are none of them perpendicular to the: common 1.0 N 
perpendieular plane of a and £, excepta and a.’ |t 7A 


die , - , . 


NR NS baye, — LE Ld 
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iw. the dihedral angle l'Im’ is measured by its opposite face 


angle Lm’. 
But the angle Zm” is constant.* 


A 
^n The dibedral angle 7/' /m’ is constant for all posi- 
tions of the half-line (7) in a, 


Note :—]f the constant angle vanishes, the series y is 
not different from the series 8. In that case Band y belong 
to the same system of isocline planes with a, and they 
have a common perpendicular plane. And since the 
plane a is determined by any two half-lines in it and the 
above remarks apply equally to the other half-line m% in a, 
we obtain the following theorem as a corollary :— 


Corollary :—1f a plane a and two isoclines (in the 
same sense) have a sinzle pair of common perpendicular 
planes, perpendicular to all three, then all the common 
perpendicular planes of a and any of them are perpendi- 
cular to all three and they all belong to the same series 
of isoclines. 


* We have seen in $8 that the rectangular system of half-lines 
determining a and a’ being rotated give a new system isocline to a and 
a’, (e, the system y is obtained from A by rotating the lines in a’ 
through a certain angle, Thus the angle lm” will be the same for the 


same planes a and a’ 





CHAPTER I! —Motion in Hyper-space. 


13. Before proceeding to the analytical study of the 
motion in a H yper-space (of four dimensions), it is advi- 23 
sable and convenient to begin by investigating certain 
interesting properties which a plane (two-way space) and 
its absolutely perpendicular plane at any point possess. 

A two-way space (a plane in the ordinary space) may i 
be defined in two ways :— m 

(1) By any two lines in the plane ; 


(2) By any two three-way spaces containing the plane. S | T 







| We have already discussed at some length the pro- — 
perties of a plane as determined by two given lines in it —— — 

. and have defined the direeticn-cosimnes of the plane and — — 

the mutual relations between them. ] — LE 

Now we shall defire the plane by two three-way rom 

+ y spaces * whose equations are— | D 









L Ps i comers r+ je. =0 

l - ; Ü £a ET Vas dE, ra tl — 

Rc. | ; é 1 
A 

E the. TT of the — to ihade de 

: spaces qespeptively- | as | 

Consider. the followiug determivants— A^ y. a? 

IESU, AA S 


Lys — Us. NL LU 
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We have denoted these functions respectively by— 
L, g L,;, La a: La a> L, A* 


Diss, 
These six quantities are connected by the relation — 
Ls? + Lis? L Las añ +g? +g 42+ La a —sin*6 
=] — (7,2 ele +1 aly +l)” 


where 6 is the angle between the two normals (1). 


Further, by considering tbe following identically 
vanishing determinant. 
Ly tg by OL, 
L, U, Us. V. 
=0 
by £o Uu h 


we obtain the relation — 
LsL uT L,;.L,,-L,,.L,,4.—0 --» (2) 


Thus, the six quantities L, ,/sin 6, L, ,/sin 6, etc., are con- 
nected by two independent conditions (1) and (2). This 
is as it should be; because a plane through the origin is 
determined by four constants. 


If we put a, 4,¢,/,9, ^ for the quantities L, , /sin6, 


etc., we obtain the two following relations :— 


ir? B b? +o" 4 fé? +g” +h*=1) 
af+bq+ch=0 j 


‘These quantities «e, 4, c, /, 7, 4 we have called the 


^ direction-cosines " of the plane determined by the two 





SS 24 3/ 
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normals. Ga /,, 7,, 44) aud (4, 7,', 74, F,').* IE these 
six quantities are multiplied by a constant (say) 4, the six 
quantities Ea, &/,... may be called the “six co-ordinates ” 
of the plane, corresponding to the six Plückerian co-ordi- 
nates of a line in three dimensional Geometry. 

14. If there are two pairs of three-way spaces such 
that both the three-ways spaces of one pair are perpendi- 
cular to the three-way sj aces of the other pair, the plane 
determined by the first pair is absolutely perpendicular to 
the plane determined by the other pair. These two planes 
have in general no line common. 


Let the two planes be defined by— 
T REREN +l., =0 


(1) 
Vie, +e, +l eg tl 2, =U 
^ R E T 
(=) 
m',, +m',e,+m’,2,+m',*,=0 


If the two planes are absolutely perpendicular, the 


three-way spaces (1) are jerpendieular to the three-way 
spaces (2), or in other words, one plane is defined by the 
normals in (1) and the ether by the normals in (2). The 


direction-cosines of the two absclutely perpendicular — 





have simple relations which we proceed to investig ati 
The condition of pendi waht gives. au ‘the four 





$ at me J —“ Qs 1 sab 
" , ar $ —— — [Y en s ds d 
5j), E X" Y ont, A 


> 
= ~ > 








MOTLON 


Krom these equations we deduce 





simple algebraic operations :— 


Lem, tL, mith, ym, —O 
l,m, +h, om’, +b, aem =0 
L,,m,—bLb,.m,—Lhl,,m,-O 
L,,m',—L,,m' .—L, 7, O0 
L,,m,-4-L,,m,—L,,7»,-—90 
L, .m', — L, SNV a —L, mm". =Q 
Lem, EL, Amah LA Am, =0 


L,,m',--L,,m',--L,,m', —O 


IN HYPER-SPACE 


ne — —7,s— agr 


25 


the following by 


(3) 


From these again the following relations may be 
deduced, in which M,,, M,,, Mio Mes, Mag, Mag 
denote functions analogous to L, ,, ete. 











L,,M,,-L,,M,,—0 ) L,,M,,4-L,,M,, =O 
L,,M,,—L,,M,,—0 | L,,M,,—L,,M,, =0 
L,,M,,--rL,,M,,—0 | L,,M,,—L,, M,,—0 | 
L,,M,,—L,,M,,—O N L,,M,,—L4,,M,, =0 J 
or M, =— [s M,.: M,,—— pit Mes: 
“is 7s. 
L L 
M -e-M : M.22:.9 M 
25 Lu as Lu. » t 
M, s 578 M. M, pus M... eta 
TE 
ie., we have the following five relations :— 
< l S C + =. LL... » M — Us; 
MSP Meat Matt Mais MASC Maw 
-L | L 
GE M,, ; T EY us M,,. 
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But ZM,,*-sin* @ and  XL,,*—sin* ô. 
7. sin* gis ED, tE ETT FE," M,,*-FM,,* 
"Tin 
a LES LED LES AE T 
Th 
- sin* 6: M,,* 
Es La 
LTR Maa q bias TMA, E 
—— sin? 6 — sin* 6 5 ap0 7 etn O % 
Taking the positive sign we haye— ; E 
L = M, L, < S 
sin @ ain i sin 0 — 
L, — M V, P 
— dn sin ó do 9 v 





— — b, c, f, 9, h, and a’, V, c', f', g', M, be be directio 
ss cosines of the two absolutely y perpendicular Pais L ) a 
| (Qv m), then : we obtain v AE relations ^r 





Pm —* L 
pu dias 
a x d — 1 
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' Thus we see that if a, 4, ¢, 7,9, 4 be the direction- 
cosines of a plané, then /,—5, ^, a,—¢, e are the corres- 
ponding direction-cosines of its absolutely perpendicular 
plane. 


N.B.—It is to be noticed here that the plane in (1) 
is determined by its two normals 7 and 7/', or by two 
lines mand m’ which lie in it; so also the plane (2) is 
determined by its two lines ¢ and 2’, or by two normals 
m and w’. In fact, the two planes being mutually 
absolutely perpendicular, we may consider them as deter- 
mined by the lines (Z, Z^) and (», m’). Thus follow the 
results we have already obtained. 

15. The condition that the two planes will intersect 
in a line is obtained by expressing the fact that the four 
three-way spaces have another common point besides the 
origin and this gives— 


[ AXE Tome 
9694 MET T 

=e 
na. nta ni. Wl 
HR o "Es oc R | 


or, expanding the determinant in terms of minors of the 
second order, we obtain at once :— 


s L,..M;,-L,,M,,.-FL,,M,,-FL,,.M,, 
+ L.,.M,.,-7 L4,.M,, —0. 
Thus, two planes whose direction-cosines are a, 4, c, f, 
* J, ^ 5; a’, b’, c',... will intersect in a line, if 
af” + bg’ + ch’ +a f£ 5g -- cA — O0. 
2 ; This corresponds to Plucker's condition for the intersec- 
re . tion of two lines.* 


* * Salmon's Geometry of Three Dimensions, Vol, I, § 51. 





JA ©» x. 
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16. Consider the planes a, determined by the lines 
(4, 7), and B determined by the line: (m, m’). The 
direction-cosines of these planes are as before represented 
by L,,, L, 5, etc., and M,,, M,a ete. If B intersects the 
plane a’, absolutely perpendicular to a, from what has 
been said above it follows that— E. 


Mobis tMi abia tM ML 


L 


S T D54 - M4: 490. 


Hence, if the direction-cosines of the planes a and /j are 
proportional to a, 4, c, etc., and a’, 4’, c', cte., respectively, 
and 8 intersects a' in a line, we have 


aa’ + bb’ + cef YA +99 AA =. GL) 





Hence, if 6, and 6, be the minimum angles between a and  — Y 





|i: B, we have cos @,.cos 6, —0, which shows that the planes — — 

i a and 8 are simply perpendicular to each other.* —— x MO 

V This is quite analogous in form to the condition f * 3 

di perpendieularity of two planes or lines in the ordinary x A E 

Rae —— MNA ccr de 

Ite ^ CL L h 2 2 

6 ths If a plane a intersects another plane A gatis 

; E, e absolutely perpendicular: pme E in a liesi nya have the on 
yo — conditions :— Se E mA TII 
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These symmetrical results show that the plane 4 
intersects not only the plane a, but also its absolutely 
perpendicular plane «'. The relation between the planes 
a and 5 isa reciprocal one and the above relations say 
that a and £ lie in the same three-space and are perpendi- 
cular to each other. They intersect in a line, as also do 
their absolutely perpendieular planes, and further each of 
the planes interseets the plane absolutely perpendicular to 
the other and rice-versd. Hence, any plane intersecting a 
plane and its absolutely perpendicular plane is a common 
perpendicular to both. 


Note.—Cole has defined two such planes as simply 
perpendicular planes. 


18. Rotation in Hyper-space.* 


Consider the effect of changing the directions of axes 
(without changing the origin) ina Hyper-space of four 
dimensions. Let i (1, 2, d, 4; $--1, 2,3; 4) "he 
the direction-cosines of a set of new rectangular axes, 
referred to the original system. If (z',, «',, 2',, 2*,) be 
the coordinates of a point referred to the new axes, we have 
the following formulae of transformation :— 


" (1) (2) (3) (+) T 
œL, pv tlre I. pa thr, 


n (1) (2) (63) is) 
ee alan, +l. acF Ie ts tis" 


1 qt) (x) (3) (41 
$a tery EU, Pa ck La . "e 


^ th} (2) A) (4) 
wy mmn . J 


* F, N. Cole's Paper— Amer, Journal of Math., Vol. XII, 1590, 
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These sixteen direction-eosines are connected by the ten 
following equations :— 


— e+ A 
E (1; s==1i x (1;  )*—1; ) 
r=] i=] 
ed i 
x (1, "")-—] x (L THR sl 
c=) L 

(2) 
Ux 2, 001,9 9. ^p Qn an o ae po 
(=l i=] i=] 


rl NEN 24 1 a4 
i=] 


i= — 


If we apply this transformation to the equation of the 
Hyper-sphere, namely x,” +e," +r," Lr. 5 — R*, the equa- 
tion remains unchanged in form, ¢.¢., it becomes— 


oe a t 4* Man zs ER, 
in virtue of the relations (2). 


Now, instead of changing the directions of axes, we 
might as well consider the Hyper-sphere rotated about 
the centre (origin) into itself. This enables us to view 
the subject from a different, and more general standpoint, 
namely,—that of orthogonal transforniation. 


Consider the following general transformation :— 
z' =a, f Ha, re +a, 34 +a, 1, +a, 
ra =b, n, cb bun, bur, thr, +d, 
Pan oS E, +e, 4c, e n, tos 


P^ — ee +d, "s +d, Ts +d, ra d, 
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If the origin is to remain unchanged, we must have 


a, œb zo, ad. eU 


if the transformation is orthogonal, the Hyper-sphere 
transforms into itself and we have 


a,*+b,*+¢e,%*+d,7=1 ) 
a,” +b +C’ td, L | 
a,*+b,*%*+e,*+d,*=1 
a,*+b,*+0c,*%*+d,*=1 
a Us +b, b,+e,c, 0— — 
a,a,+6,b6,+¢,¢,+d4,d,—0 
a,a,+b,b, +e,¢,+d,d,=0 | 
tyty +b ,b, +e,¢c, +d,d,=—0 | 
qan, d- b. b, t+e,¢c,+d,d,=0 | 
a,a,+b6,6,+e,¢, tHida, = J 


Thus it appears that the constants involved in the 
above scheme are proportional to the direetion-cosines used 
in the previous scheme. Since the sixteen constants are 
connected by the ten equations of condition (3), it is pos- 
sible’ to express them in terms of six independent others, 
and the rotation about a point consists of oo° different 
operations. 


Prof. Cayley* has given a method of expressing the 


nm? co-efücients of orthogonal transformations in terms 


of (1».&n —1) independent constants, In the present case 


44 and the number of independent constants is 6. Call 
A |. them a. b, e, Jis Ds Á. 


$7 LE * Qayloy —Crelle's Journal, Vol. XX XII. 





30 ANALYTICAL GEOMETRY 


Then the 16 co-effieients may be expressed as follows :— 
ka, =1— A*+f* —a* +9* —b* +h* —c* 
=1 4 +g’ +h* —a* —h* —c* A. 
ka, =2(a+ Af—hbh--03) 
ka, =2(b+ Ag—cf+ah) 
ka, =2(e+ Ah —adgq-- bf) 
Lb, =2(—a— Af+eq—bth) 
kb, =l 4f pbt te —a* —9* — A3 — Ai 
kb, =2(h+ A c fg ab) 
kb, =2(—g—Ab+hf—ac) 
ke, =2(—b— Ag— f+ ah) 
ke, =2( —h — Ac + fg—ab) 
ke, —1--g* +c? +a*—b* —4* —f* — A 
ke, =2(f+ Aa gh— bc) 
kd, =2(—e—hA+hf—ag) — 5 i 
kd, =2(g-+ Ab4-fh —ac) F 
kd, —2(—f— Au qh — be) d | 
j kd, =? Lan +b? oft D e A A — 


m E a - d 
- — > & T » 
i K Ja d 
p v a Â x e da "T ` nm ba Y è - - © " - > 
H Pu 32. L . " 
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for z',, «', Yas ^, in the scheme of transformation), EI 
they must satisfy 

(a,—1)r,-Fa,2, Hat, +a, t, =0 J 

bow, +b, — l)re r. =0 | 


L e (0) 


iE 6. Pa T (04 —1) 6, 0,7, 0 | 
de, +d yr, +d,27,+(d,—1)7,=0 

These equations are satisfied by the values (0, 0, 0, 0) 

of the variables which of course correspond to the origin. 


If other points are to remain fixed in the transformation, 


the equations (1) will be satisfied by values of the 
variables different from zero, and we shall have 


— aus Ea) 
d, d, d, — d,—1 


If in this determinant we substitute the values of a’s 
Ls. ete., and simplify, 1t reduces to A*/£. Thus the deter- 
minant does not identically vanish, and the vanishing of 
the determinant requires that A=0 or af+ġg+căå=0. 
Hence A=0 is the condition necessary for the existence 
of points which remain fixed in the transformation. 


When the condition A =0 is satisfied, the four equations 
(1) reduce simply to two independent equations :— 


( —a* —b* —c* ). e, + (a— bh Leu lra + (b6—ef+ah)c, 


Tt 4-(e—ag4- bf ye, —0 
~ | (—a+-eg—bh) eo, C —a* —g* —h*)r, OR fq —ab)r, | 


+(—gq+t+hf—ac).«, =Q 
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Thus the points of the plane determined by (3) remain 
fixed after transformation and the rotation like this in 
which a plane remains fixed is called a “simple rotation.’ 

The functions L,,, L,,, etc., determined by the two 
normals to this plane are found to be a*k?, abk*. ack*, 
afk* , —agk*, ah k*, where k—1-Fa* +b? +e? +H La +h". 

Consequently the direction-cosines of the plane are 
proportional to f, g, h, e,—b, a. 

Hence we see that the six independent constants used 
in the transformation are proportional to the direction- 
cosines of the fixed plane of the rotation. 


20. This fixed plane is not only converted into itself 
but its individual points also remain fixed, and we say 
that the Hyper-sphere rotates about this fixed plane. This 
plane is called the “aris plane” of the rotation. In fact, 
all figures in a Hyper-space of four dimensions may be 
rotated about some plane as the axis-plane. 


The plane absolutely perpendicular to the axis plane 
is converted into itself, but its individual points do not 
remain fixed, In fact the absolutely perpendicular plane 
rotates through a certain angle about the point where 
it meets the axis plane, /,^, the origin. This angle is 
called the “angle of rotation” for the transformation of 
the Hyper-space. 

We have seen that the Hyper-sphere transforms into 
itself and consequently the circle in which the absolutely 
perpendicular plane intersects the Hyper-sphere is con- 
verted into itself. "Thus the ie polar circles * are con- 
verted into themselves. 

We conclude therefore that the rotation of the Hyper- 





sphere on itself- is the samo se the rotation of ihe 
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point-Geometry at its centre. In a simple rotation, a 
certain great circle —the axis plane of rotation—rematins 
fixed in all of its points; while its polar great circle—called 
the circle of rotation—rotates or slides on itself. 

21. The angle of rotation : 

We know that a certain plane is determined by four 
conditions. But the direction-cosines of the plane of 
rotation are connected by the relation "ar + é¢9+ch=0O, 
and are therefore equivalent to five independent constants. 
Thus, one dezree of freedom is left to the plane of rotation 
and the angle of rotation is a function of a single constant 

If we take any line (7/,,7,,7,,/,) in the absolutely 
perpendicular plane through the origin, this line is rotated 
through a certain angle 6, which is called the a»głe of 
rotation. If (Zi, Z3, Za, &4) be the new position of the 
line, then we have— 

cos 6—lI,U, +l 

Now, we can substitute the values of (/',, Z'a, 7'.,7',) 
in this from the scheme of $ 18 and thus determine ô. 

Thus, we obtain— 


cos 8—2a,1,* * 
+ (a, +b, 01,1, H- (a, +c, l,l, H- (a, +d) L : 

- 4b. 4 60.)4,0, -- (b. +d, iit, +e, +d, — FE 
nk cos 8=(1 +° +g” +h* —a* —b3 — 031, * 

HLEH HL -Ee* —a*—g*—h*) 1, 

+ (1+? Het c a* — hR — f —A*)I, * 

+(1+h* +a* LS — c: —f* —g*)l,* 

+ hreg — bh )L l, +4(ah—cf 1,1, +4(6f—agq)l,1, 

+ 4(fy—ab)l,l, +4(hf—ac)l,l, +4(gh—be)l,l,. 
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where k=l 4f Eg? AT Ha? Bb? Ee, 
and A mf Mg 4-0 


^k cos 8—k—2(a* -- b? +e? jl, * —2(a? Tg? MART)? 
—2(b* LT -- h* )1,* —2(e3 A f LRH, 9 
+4(eg—bh)l l, +4(ah—cf 1,1, I-A (of — ag), 
+4 fg —ab)l,l, A f — T ul, t Ag À T E 
T ei TUO GE 
If we take a normal to the axis-plane for the line 
(fis £a, 45, /,), the above expression will give the value of 
cos 6, 
We may take the normal to a three-way space (3) of 
$ 19 for the normal to the plane : 
Then, /,: /,: £,: f, e(t 6— te) : (n M eg) : 
(b—ef+ah):(c—ay A bf ). 


x ee Co Pd 
| ; r 4 p 


i= Soe 


where p= nto xii nd ADR TN L 
Substituting these values for listas Js; A. inc a) we T 








obtain, after simplification— MENS. E 
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where k=l +f’ +9? +h? +a* +h" +0" 
1—cos 6 Di f? +g” +h* +a* tbc?) 

or, — Z lla anen 
l-r-cos 6 2 


Lf*-—Eg*-Eh?*-Ea*-rb?-rFc* 


6 


t.e., tan’ = 
2. 


=f* 4g" Eh? +a*+b*+e* -= (3) 


This formula enables us to find the angle of rotation 
for the axis-plane whose direction-cosines are proportional 
to 7, d, ^, e, — 5, a. 


From (3) it appears that the direction-cosines of the 
plane may be taken to be 


f/tan : ; 2/tan A - hjtan > < 
e/tan 4 SO —4/tan s x ajian S . 
We may arrive at the same result * from the fact that 


the angle of rotation depends upon a single constant. Let 
ty 9, 4,¢,—6, a be proportional to the direction-cosines of 
the axis plane, with the condition af -+ 49+ ch — 0. 

Tf P.A e, b, a be the actual. direction-cosines, 
we have 

fig:ih:ie: —b:acf':q': Mie: —b ia’; 
pa a, phe. poe’, pf =f pg =g" ph =R. 

no PU +a? +h? +a" +6* LR )—1, since Xa'* —1. 


T D Z Z 


A Now, if we subject the quantities /, 7, 4, c,—5, a to a further 
— condition, the plane will be fixed. Consequently, p may be 






| o. Cole has obtained the expression for 8 from this latter consideration, 


nm — 9 À ^. a cA a = E «4 e - V 
P V * id U " 


~ 
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— 
J 
a 


made to depend upon the angle of rotation, or, we may 


write psl: Lan +h" tath’ Tepat § 4 : * d 

~ We may take a'—a cot 2 ete, “4 

Thus, we obtain tan*$ S =f” +g? +h? +a* +b* +0* * 

— 

nnd sec? $1 +f* +g? +h +a* +h* ct. By, 
Example: Suppose the axis plane is taken to be one of — 
the co-ordinate planes, (say) the plane of +, and r,. EI a- 










7. We have a=0=c=—9g—A=0. - 


rs 


Now, if the axes of +, and r, are turned through an angle 
4, since the axes of r, and », remain fixed, the formulae 
of transformation become— _ s 


qmm, Y'a LFA æ, + "ES T, 


—2f — 
A a =R aV da^ T EDS ea 


But, by considering the geometry of the TE S 


we have— 


* 2’, =cos Ó. r,— sin 6. x^ ay 


E C, =sin 6. E eos X2 P5 


U 
. n 





i om. formula 


Ñ s 
— 1-21 fe 
L ax U ER y. Ñ " 





MOTION IN HYPER-SPACE 37 


Thus we see that the angle of rotation is determined by 
a single constant /. 


Corollary :—The expression for the angle 6 of rotation 
for the axis-plane 


Fon. MI n. tlie, 40,26, =0 


lx, + ei tl etl ie, =0 
is given by 


E a ^" B s " 
doa e 1— La, — Da — D4,— ED,,— D, ,— Da, 5, (8) 


3 P E = E > 
i+ Lust L,.- L xT Leat Leet La a 


22. Two successive simple rotations around two 
different axis-planes are together equivalent to a simple 
rotation, ¢.¢., a rotation around an axis-plane, if, and only 
if, the two axis-planes intersect in a line. 


Let us define the two rotations by the following for- 
mulae of transformation :— 


rz, 7G, ty $y te Eais Haer 
, , t , d , , — (1) 
aa’, ye, ta’, ge", ta, te’, 25. 
(11. 2, 3, 4.) 
and suppose that the rotations occur in the order in which 
| they are written. We therefore have 


wpa’, Cay ey Ro. um Ha. ur. Hr) 

a Ca, Qm, Fairs R0, T. R0. mL) 

- Ka (gy hy Ra. Vm, Fasas TRA Pa 

4-3, ,(a,,.7, Oy gp Fy tass? $4.47) 
> =a r APT i F ias tier, e (2) 


vs where a", , —a', 1:0, HO", 4a, Fa, da h ABA , ; 
— eA (=J=, 2, 3, 4.) 








38 ANALYTICAL GEOMETRY 


Let a, 4, ¢, /, 9, ^ ; and a’, 4’, e, £',9', A be the inde- 
pendent constants in the above two transformations and 
a^, M, e". fF". o". A" be those of their resultant. 


Also, let A, A’ and A" be the corresponding functions 
of the two component transformations and their resultant 
respectively. 

Then we have * 

Da" =a a’ AT AS + bh’ —Wh+e'g—eg', ] 

DY <= LL A ‘gq— Ag cf —cf+ah—ah', 

Ue erre Aha Ah tag 0 L PLP. — 

Df"zf--f—4A'a—Aa bbc gh'—g'h, UMOR) 

Dreg T —4b— AV ca map ae dieu 

Dn mh +h’ A Tp Ae’ + ab’ —a'b+ fa' T 
ADASA t ALTER lb L Ma Ke e eth, j 
where | D—1--AZA' — aa’ — bb — 

It is easily seen that A° =a" 4 eh". 

Now, since each of the given rotations leaves a plane 

fixed, we must have A =0 and A'—0 ($ 19) 


If the resultant rotation is to be a simple one, če., if 
it leaves a plane fixed, we must have A" m0, and 
consequently, from the last of formulae (3) it follows that | 
we must have af +a'f+49' +b g +ch'+ch=0. But the- 
last condition implies that the two axis-planes should 


intersect in a line ($ 15). "Thus, if the resultant of two E 


y Mage. — is also : a simple oer the necessary 
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Again, if in addition to the conditions A =0, A'=0, 
we have further af 4+ af + by +4 9 eh! oh mU, f follows 
that A” =0, or the resultant rotation leaves a plane fixed, 
t.e., if the axis planes of two component rotations intersect 
in a line, the resultant is a simple rotation. 


Thus the resultant * of two simple rotations is not in 
general a simple rotation ; it is a simple rotation when, 
and only when, the axis planes of the two component 
rotations have a common line of section. This condition 
is both necessary and sufficient. 


We may therefore enunciate the converse theorem as 
follows :—If two successive simple rotations are together 
equivalent to a simple rotation, the axis planes of the two 


rotations are in a three-way space; and when they have a 
point in common, they intersect in a line. 


23. The axis-plane of the resultant rotation passes 
through fhe line of intersection of the two given axis 


planes ; or the three axis-planes are all perpendicular to 
one and the same plane. 


As before, let the direction-cosines of the axis-plane be 
"(mf Sete 1, Kei, Pos 
Since the resultant is a simple rotation, we have— 
af’ + a'f 4- bg -- bg Heh + ch —— 0. 


- The first and the second axis-planes intersect. 


, * In contradistinction to the name “ simple rotation," the name 
"5 double rotation " has been given to the resultant of two rotations. 


H. 


h 


ae 
zo V = 


Ww T quU > > ~ ES = - 
N » ^ 
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Also, D(af"+a"f+ bg" + Ug + ch" +h) 
—(af Haf + bh f A-U hf e fg—cefg') 
+ (af + af! + abe! —ab'c4- agA' —ag'h) 
+ (hg t Ug + cfg —c fg + a'gh — agh! ) 
+ (bg + bg' + a^ be— abe! + bf h —bfh') 

: +(ch+ch+agh—a'gh+b'fh —bf'h) 
+ (Geh M eh! + ab'c—a'be + cfg! —cf'y) 
=2(af+ bg -- ch) + (af + af -- bg! A- U'g A ch! tch) 
zx. 
<. The third axis-plane intersects the first one in a line. 


Similarly, a'/" + 4/2" +h” ta" f LATA -- c" k =O. e J 
Thus the three axis-planes intersect two and two in a line. J 
If these planes have one other point common besides a ^ 


the origin, they intersect in a line. | Y 
Let (X. As, Ka, ^,) be the line of intersection of the — - —— 


planes. œ A - 

Then, - BA 1,=0 ANV =, Arm =0 t 5 

XA;m'o—0, ZXAXA;n,—0,  XA;»'—0,. - ito $ 

A © By eliminating A,,A,, A,, A, in turn from these equa- 
r tions, we obtain four equations of condition: — "a 
— eicere o — 


T: 


— 7 
Ay 


' 
. bA ee 








B a8 
Similarly we obtain Db), gs; —f*. IO EN Ux 
pog f” 
6 vs. "Bg | | gy A 
y'a g |-0.43):| f gf W |20 . (4) 
e a g | f P he | 


If theses four conditions are satisfied by the direction- 
cosines of the three axis-planes, they all have a common 
line of section. 

But if these conditions are not satisfied, it is possible 
to determine six quantities a"', f", e, 7", 7", A” such 
that they satisfy the following seven relations :— 


a * 4 bo" 4 eh + fa" + gh” + h eft? =O > 


aa + hl "obe ‘ g" + ff" + gg" + ah” — {) 





a f" A b'g" +h +f +g + h'e" —0 
TAC OB ect ETT +g + hh HO 
any + bg” + ok’ + fa + gu + pn" a =ü 


a" a lad + Ha Fd 4- c B "T add MOD] 4 ga + n" hr’ LI (o 
am f" A- pun +h LO 


Hence, the three axis-planes cither intersect in a line 
or are all perpendicular to one and the same plane. 

24. To tind the resultant of two simple rotations 
whose axis-planes are absolutely  perpendienlar to each 
other. 

Let the direction-cosines of one axts-plane be L,., Lias 
Lia Leg, Doo Laas and consequently those of its abso- 
lutely perpendicular »xis-plane be L,,, Ly,, Dass LA, La 


es 


i | . etc. ete. p p LN 
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Then the constants of transformations are given by à 


a=k Lis: hek L,,, pek Lu: JSk Lyy.—g=k Lives ma 
hak bes i. 






and œ esk Li ek Lb... CSR Ving, fM Vines a ^. 7 > esl d 
| g'——K Lau Wk Lis i | 

Where k and X are any two multipliers. - * ; eM ee 
Then, A"—af' +a'f+ bg! + b'g A ch! Heh L —— Ss — 















mk Ibo E E L by tlhe) — 
200 -K. h: E M 
! D—i—an’— RU oU — PR op SAT 
© SELAN LsL 4 a Dua TL Daa} 
S—, since L,:L,,+1,,-L,,+L,,.L,,=0. — 


Also, AZAS: < PA x 


- š - 
- , 


no amata tbk — b he ag —eg! L 
à =a+a' *MPIT, Dsl, art ban la m lola] 
=a+a' =k Lety. ERE l 4 a a 


Similanly, eeh LM =k Lis +h Lea omy ee 
From the above — of v ony uv l aaa it appea 
that they are symmetrical ds regard di — elements of | 


two —— Hence v we may enuncia 
= A 
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25. We have seen that in a simple rotation the 
Hyper-sphere is transformed into itself. Therefore, 
when it is rotated successively around two absolutely 
perpendicular axis-planes through its centre, it will be 
transformed into itself. ‘Thus, we obtain the theorem :— 
Any position of a Hyper-sphere can be obtained from any 
other position with the same centre by a simple or & 
double rotation.* 


Parallel motion :— When the two rotations of a double 
rotation are equal, it is a parallel motion, corresponding to 
an isocline rotation f at the centre of the Hyper-sphere. 
In a parallel motion all great circles parallel Z to the 
circles of rotation in the sense of the rotation rotate on 


themselves, and the motion can be regarded as a parallel 


motion along any polar pair taken from this set of circles. 
The motion can be regarded as a parallel motion with 
regard to the set of circles without any reference to the 
axis-planes or planes of rotation. 


26. We have seen that a Hyper-sphere can be moved 


freely on itself, which readily follows from the fact that a 


Hyper-sphere is always converted into itself by a simple or 


adouble rotation. Consequently, if we take a portion of 


its surface (which is of three dimensions) and move it 
freely along the surface, it will always wholly coincide 
with the surface itself. Therefore we can say that a 
Hyper-sphere is a space of constant curvature.$ If the 
space in which we live were a Hyper-sphere in Euclidean 
space of four dimensions, we should realise what is called 
the Elliptic Geometry. The Elliptic Geometry assumes 


* Manning—loc. cit. Th. I, p. 219. 

+ To be explained later. 

f Clifford — Proc. London Mathematical Society, Vol 1V C1872). 

3 ee Works, i | e 
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that our space is a space of constant curvature like a 

H yper-sphere, and not a space of no curvature like a three- 

way space. ‘The Geometry of the Hyper-sphere is found | 

to be the same as the Double Elliptic Geometry.* We E wi 
shall take up the subject of curvature of surfaces on 
another occasion. 


21. The motion in Hyjwer-space is completely deter- 
mined by that of its four non-coplanar points; £e, if we 
are given any two positions of a figure such that one can 
he obtained from the other by a motion in Hype per-space, 
then, any motion in Hyper-spaee which brings four non- 
coplanar points from their first to their second positions 





will carry every point of the figure from its first to the Ro 
second position. | > 
For, each point of the three-way space determined by — 
the four given points comes to its second position by this 3 
motion; and any point which does not belong to this » PEN 
three-way space remains at the same distance from T oe ^x 
on the same side of it, and with the same projection od 
upon it. ‘Therefore it must come to its second position. fraa A 
; Or, we may prove it by the analytical Te s — 
follows :— _ 7 ô Sew, * er ee 
Let the motion be determined by the following trans- 2 E 
. formation scheme :—_ | ME - t 
Us < nr. ae eae 
* "47x40, Vrbis Ue FE n tac: KL -- AM 
è " pi P * y e "ve 21,2, E ia wow B 
, e. 3, 2 rij ad. S * 








The — involves. twenty independent c — 
The coudition that any. four points. — to our 
others is equivalent to wi rela ioi s — Jed c con- — 
bow m E M Minen the. four points a 





zu S — 
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conditions for the constaney of thé mutual distances of the 
four points (non-coplanar). Therefore, the twenty constants 
. are connected by twenty equations of conditions and can 
therefore be uniquely determined. The scheme is there- 
fore unique and will transform any point to the corres- 
ponding point in its new position. 


28. If after a motion in Hyper-space, three non- 
collinear points of a figure remain fixed, then every point 
of the figure with remain fixed, or will be rotated 
throngh a certain angle around the plane of the three 
points. 

Suppose the origin ts one of these three fixed points. 
Then the scheme becomes— 


, — P ' 
ay Say, +a,+,4+4,°, 0P, 1 


dio. — Us. T. +b, ve töz, +b, Va 
in a) 


L 1 
1a CA fa Para Pa Ta PAT A 


— eee, 


a^, =dywy Hed, ra Td, pa bd, C J 


If besides the origin two other points remain fixed, we 
must have the following equations satisfied by more than 
one set of independent values of the variables : — 


(a, —1) r, ar, Ra ru Hen e —0 9 
eb E H Hiba —1) +, +H, thr, =0 

Oph eee n sb LG —13) a éP A —0 
dur, H HH H T 


‘Then, each of these equations may be an identity, and 
in that case, we must have a, =1, 0,— 1], c= 1, 4, — 1 and 
all other coefficients zero. The scheme becomes «,=2',, 
dra cmm g, Ta =T y and r,=2",, which is a scheme in which 


all the points remain fixed, 


Ç k p b U A i è 
vas um. l | à z U 
us * d ^ X ane ‘eet 
lum am. oo zz M e J "^. — "> -A — — 
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If the equations in (2) are not identically satisfied, we 
obtain after eliminating the variables the éondition that A v 
should be identically zero. This case we have investigated 
in $ 19, and we have seen there that the transformation 
amounts toa rotation about the plane determined by the 
equations (2), which evidently passes through the three 
given points. | 

29. If after a motion in Hyper-space, two points of 
a figure remain fixed, then every point of the figure remains 
fixed or is rotated through a certain angle abont a certain 
plane passing through the pointe. 


Supposing that the origin is one : of the fixed — the 
scheme of transformation is given by (1) of the previous | 
article. -If one other point is to remain fixed, equations 
(2) must be satisfied by values other than 0, 0, 0, 0. Then 


“we must have either the coefficients in (2) separately zero, 


in which case all the points remain fixed after transforma- . 
tion, or A =0, and this determines a rotation about a 
plane through the points. 

Corollary :—1f after a motion ia Hy 'per-space, one point 
of a figure remains fixed, then every point of it will remain 


fixed or will ‘undergo a single or double rotation. 
This follows from the scheme (1) of § 18. or a | 3 
30. Rotation in a Hyper-space of r-dimensions :— m 
«x 


From what has been said above it is easily seen” that we 
can generalise the theorems and can extend the formulae C NIE 
to spaces of any number of dimensions, ‘The scheme of 
transformation for any r-way space contains 7(r+1) 
constants. "'Phe absolute terms will vanish if the origin 
is to remain fixed after transformation. The scheme then. 
contains r? independent constante. which, according to 
Cayley's formulae, can be expressed in terms of U 1) 
others. If other points besides — origin. are to rem a 


"abe » à - “a 


— 
a - = 4 - 
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fixed, a determinaut of the rth order of the coefficients 
must vanish, whose value can be determined in terms of 
the 47(r—1) constants of transformation. Jn general, 
other points of the r-way space do not remain fixed, but if 
this determinant A vanishes, other points remain fixed 
and all these points determine an (r—2)-way space, which 
we may call the axis (r—2)-way space, «.¢., in this 
motion the (r—2)-way space remains fixed and all other 
points are supposed to rotate about this (r—2)-way space 
as fixed. The constants in transformation may be shown to 
be proportional to the direction-cosines of the (r—2)-way 
space, if we extend the notion of direction-cosines of 
a k-way space and define them to be the “ cosine-produets " 
of the angles between the 4-way space and the axial 
k-way spaces. The number of such products - is 
rC,_,rC,=47r(r—1) and these are proportional to the 
constants in transformation. . 
In the same way, we may widen our conceptions and 
obtain formulae corresponding to rotations mw Hyper- 
spaces of any number of dimensions. 
31. Planes isocline to a given plane:—Let a and 
B be any two planes intersecting at a point O. Let /,m;p, 
be the minimal lines respeetively in these two planes, so that 
the planes (Z, p) and (n, q) are the two common perpendi- ` 
cular planes to a and. £, and they are absolutely perpendi- 
cular to each other. 
If 6 and @ be the angles between the two planes a and - 
B, we have 


| — 
fp —6 and mg =b. 





rie and to one another. 


to > 2 poten 8); and are called -a — mel 
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Since the planes (¿, p) and (m, 4) intersect the plane < 
they both intersect the absolutely perpendicular plane a.' 
Let 7 and w’ be these lines of intersection with the 
absolutely perpendicular plane. Thus we have a system 
of four mutually perpendicular lines (Z, m, 4, m'). Any 
three cf these determine a three-way space perpendicular 
to the fourth. Without disturbing the fourth we may 
permute these three in a cyclic order by a rotation about 
the line in their three-way space equally inclined to them. 
In this way we obtain twelve different arrangements of the 
four lines. The system is said to be congruent * to itself 
in any of these twelve arrangements. But if we rotate 
the system of three in the four-way space about a certain 
axis-plane, the fourth line will be disturbed and the 
system will not completely occupy its former position. 
For instance, if we take the plane through / bisecting the 
angie between £ and as the axis-plane, the direction 
of w' will be reversed, if we rotate the system through 
150° around this plane. In fact. w’ will oceupy a position 
symmetrical with respect to the three-way space of 
£6 oW i 


Then, B makes with a angles @ and 6" and thereby we -— 
associate a sense of rotation iu 8 corresponding to the > 


, ji $ , 
^ m a 


order £, w, f.e., a sense of rotation which turns p through 
90° to the position of y. When 6—6, 8 is isocline 


to a as “well as to a.’ By giving different values to 





0, we obtain an infinite number of planes isocline to oan 





All these planes are —— 
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planes. The planes (7,7^) and (m,m) are mutually absolutely 
perpendicular and also isocline to each other. Thus we 
obtain a series of planes isoeline to (7, 7’) and (m, m^). This 
latter series is called *' a series of tsocline planes conjugate 
to the former series." Tt is to be noticed that the planes of 
the one series are all perpendicular to the planes of the 
conjugate series. 


32. Isocline rotation :—There are other systems of 
planes isocline to the plane a. Apply a rotation to the 
system in which the plane a remains fixed; z.¢., let us 
rotate the system around a asan axis-plane. "Then the 
plane a’ turns on itself through a certain angle (angle 
of rotation), ¢.¢., the lines /' and m” are rotated through a 
certain angle. Denote by /" and mæ” these lines in their 
new position. We obtain in this way a new system of 
isocline planes corresponding to this new arrangement, 
together with a corresponding conjugate series. The latter 
series of conjugate planes are all perpendicular to a/Z 
planes of the new series, but not to any of the former 
series except a anda.’ We may here establish the following 
theorem :— 


Theorem :—If a series of planes, isocline in the same 
sense to a given plane, is rotated around the given plane as 
axis-plane, they still remain isocline to the axis-plane and 
the conjugate series are turned through the angle of rota- 
tion about the lines in which they intersect the given 
plane. 


Let us take the series of planes isoeline in the same 
sense to the axial plane of 5, and æ. Let (7, m) be the 
minimal lines of a plane of the series and (#,, +.) those of 
the axis-plane, and let the minimal planes* intersect the 


* Of. Ana, Goo,, Part I, § 33. 
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plane (rs, z,) in the lines 7^ and m’. Then the plane 
(4, 7') belongs to the conjugate series. In the rotation, the 
axis of +, remains fixed, while /' is turned through a 
certain angle 6 in the plane (z4, 747 to a new position 
/". Let and 4 be the new positions of Zand m. It is 
required to prove that (p, 7) is isocline to the axis-plane 
and the plane of (»,, p, Z”) is perpendicular to (7,, 7,) and 
the angle between this plane and that of (»,, Z, /’’) is 6, 
1.6, the angle of rotation. 











Fig. 8 E 

The formulae of rotation for this are, by $ 21,— 25 
erras EE 

j T 

— —2f 1—f 7 ah y 

—— — — * — 


T 
K 
J 
e 
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Byidantiy, the lines /' and m' are tib axes of EC and ay = 
| respectively. The direction-cosines of L and * 
"I taken to be respectively (i 0, Z 0) and. (0, — 2:0; | 
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^ The direction-cosines of p are proportional to— 





1— f’ —2f 
(1,, O, Lr ls rA 


Similarly, those of the line 4 are 





of — —— ) 
( O, m,, FP Mor 172". 
z The lines p and g are mutually perpendicular, as 


can easily be verified. 


Also, the planes («,, p) and (7,, 7) are perpendicular 
to the plane (z,, 7, ). 


Thus (z,, p) and C css 4) are the minimal planes of 
(z,, 7,) and (p, 4). 


^ L 
cos pr,-— DF mcs Un —— 
Ç T "*( ru LS 5) taa ey hs 
i 


— — =!,, since — C'T. 
i 3 


Similarly, cos d.ra =M,- 

But (l, m) is isocline to (»,, 7,). -. l, =m,- 

Hence also (p, 4) is isocline to (*,, ra) and the 
sense is also the same. Thus the plane (7, m) remains 
isocline in the same sense to the axis-plane even after 
rotation. 

Again, the angle between the planes of (/, «,) and 
(p, *,) is given by— 


Te 
— Gp)—(lr,9(pr,) 
— — UF T — | 





523 ANALYTICAL GEOMETRY 


or, cos $ — (Ip) — (17,)* =(łp)—cos"à where A=ix,. 





Le, |* sin*A 
Now, (lp —l,* 4 DA l,” 
1—f*. 
}.2 ban? AGS Kat ay Fe 
"^ cos d ct Lye Ti (jy 
: E ey le” I+ 


=cos 6, where 6 is the angle of rotation, 


Therefore, the angle $ being constant, the conjugate 
series are turned through the same angle 0. 


It is to be noticed here that the conjugnte series a—@ 
and the conjugate series to a—y have one and only one 
pair of common perpendicular planes, namely a and a’, and 
these two series are isocline in opposite senses. This can 
be proved as follows :—1f the two series are to have a 
common plane, that plane must be isocline to (/, z,) as 
well as to (p, x,). Let such a plane intersect (r,, «,) ina 
line ‘a’ and (7,' m’) in a line *2,' 4 — — L and /." 


^ ^ ^ ^ 
Then r, a= ġ, and r,a-/''5. Thus Lo 6, so that the 
line 4 bisects the — between /'and /". The plane (a, » | 
is then isocline to (/, ^,) in a sense opposite to that i (dn 


which it is isocline to (p, »,). EU 2 
— 





k^ Hence the two series are pd to the plane (a, p 


d s : through the — of the angle 72 
|. lately perpendicular — (aw) 
nm fal the. planes rur aa) — s pe 


' gp conem, —— perpen AE H 
as PESA, n. 






N | 
MS 1 e ME 
and also to i its abso- - — 
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Thus we obtain the theorem:—I£f two planes are 
isocline to a third in opposite senses, the three planes have 
one and only one pair of common perpendicular planes. 


From what has been said above, we may at once 
deduce the following as a corollary :—If two planes are 
isocline to a third in opposite senses and make the same 
angle with it, they always intersect. For, the planes (/, z,) 
and (p,z,) which are isocline to (2, 4) in opposite senses, and 


^ 
make the same angle r,a with it, intersect in the line z, 


on the plane (»,, x, ). 

33. From the preceding article it is easily seen that 
the planes (/, m) and (7, 4) are isocline to each other in 
the same sense in which each of them is isocline to the 
plane (7,, T4). 

ITA +,” and (mq)=m,* + LI m, "* 
Also, li =m, and l,-£-,. 

<- (4p)=(mq) and consequently the two planes are 

isocline and in the same sense. 


For, (1p) —1,* + 





We may prove this theorem geometrically as follows :— 
Let the two planes £ and y be isocline to the plane a in 
the same sense. Then, 8 and y have one pair of common 
perpendicular planes and let them intersect / and y respec- 
tively in the lines 7, Z’ and m, m”. 
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Now, D and dn are two right angles in the two 
planes 8 and y. In the planea take two lines p and 
p', such that (7, p) and (/, p’) are two common perpendi- 
cular planes to a and 8 ; and let g and g’ be two perpendi- 
cular lines in y, such that (p,q) and (p, 9’) are two 
common perpendicular planes toa and y. 


A^ v 
Thus /p=the isoelinie angle between a and £, and 


^ 
p —the isoelinie angle between a and y. 


A A A 
Now, since /l' and mm’ are right angles, pp’ and gq’ are 


^ A 
also right angles. Therefore mg = m'g". 

Since and y are isocline to a in the same sense, the 
two planes (7, p) and (q, p) are inclined at a constant 
angle, so that the angle between (7, p) and (p, q) is equal 
to the angle between (7', p'*) and ( p’, 7’). Now, consider 


^ ^C A A 
the solid angles /pg and /'p'4'. We have /p—/'p', pq—p'4' 
and also the dihedral angles song p and g are equal. 


s The third face angles 25 and ? q' are equal.* 
Again, consider the solid angles /mg and Z'm'g'. We à 


A A LAN 
have œg — m'q' and /g=/'q’ ; also the dihedral angles along 
m aud m' are right angles. 


Therefore, the angle A =angle tim’, je, the 
planes B and y are isocline, and in the same sense 
as to a. For, if not, a and £, being isocline to y in 
opposite senses, would have with y one pair of common J 
perpendieular planes  perpendieular to all three. But TR 





* This can be deduced as a corollary from §, 27, Ana. Geo., Part L 


— 
| ¥ . ^ è - AL U | 
-E JE — 3 = g Ae. — ANE... s = = L = — -G = — ED 2. AE Seo a= qe 
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B and y being isocline to ain the same sense have no 
common perpendicular planes with a, unless they belong 
to the same series of isocline planes. 


IV. B.—W hen we say that two planes are isocline toa 
third, it is understood that they do not generally belong to 
the came series of isocline planes. 


The above theorem may be stated as follows :—1f two 
planes are isocline to a third in the same sense, they are 
isocline to each other in this sense also.* 


34. Any plane polygon is similar to its projection on 
an isocline plane. 


Let the two planes intersect at O ; and A and B be two 
points of the polygon. Let A' and B' be the (orthogonal) 
projeetions of A and B respectively. "Then, we have two 
triangles OAA’ and OBB’. ‘The planes being isocline, 
Z AOA' — 4 BOB’ and 4 AA'O— Z BB’O=a right angle. 
^ The triangles are similar, and consequently OA:OA’ = 
OB:OB’ and Z AOB— Z A'OB'. ~. The triangles AOB 
and A'OB' are similar. Hence, any triangle is similar to 
its projection on an isocline plane. 





Fig 10 


— Now if we take a point in the plane of the polygon and 
join it to the vertices, the polygon is divided into a 
number of triangles which are similar to their projections 


* Cf, Mannin g—loc. cit. 5. 109, 
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on the isocline plane. Hence, the two polygons are 
similar. Further, if A be the area of the plygon and 6.be s 
the isoclinie angle, then the area of the polygon of projec- 
tion is Acos?6; and in general if 0 and 6° be the minimum 
angles between two planes, the area of the projection of 
polygon = Acos 6. cos 9'. 

Corollary :—Taking a polygon inscribed in a circle, 
if we increase the number of sides indefinitely, the circle 
may be regarded as the limiting form of the polygon and 
we obtain the theorem :— The projection of a circle upon an 


tsocline plane is also a circle. 


35. The converse theorem is also true f.¢., if a plane 
polygon is similar to its projection upon another plane, 
the two planes are isocline, and when the length of a side 
is equal to its projection, the two planes are parallel. 


When the two planes are parallel, the two polygons 
may be regarded as the projections of one and the same 
polygon, for the planes projecting a figure upon one of two 
parallel planes project the same figure upon the other and 
the two projections are equal. We may suppose then that 
the plane of projection passes through a vertex of the 
given polygon. Now, consider the two common perpendi- 
cular planes of the two given planes. They intersect 
the planes in two pairs of lines, the angles between 
which measure the minimum angles. From the figure of 
the preceding article, we have the two triangles AOB and 
A'OB' similar. ! 

^ AO: OA'—OB: OB’ and 2° OA'A and : 
OB'B are right angles. 2. A* AOA’ and BOB’ are 
similar and consequently Z AOA'— Z BOB’. Thus the. | 
two planes are isocline, which also follows from the fact J 
that if the projecting planes through the origin (one of — 
the vertices of the original polygon) interseet the planes 





H. l | í 
Nig x | 
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forming similar triangles. Hence the two planes are 
isocline.* x 

36. Two conjugate series of isocline planes determine 
& pair.of absolutely perpendicular planes to which the 
planes of the two series are isocline in opposite senses, all 
inclined at an angle of 45? with them. 

Let us take two conjugate series of planes of the type 
a (^ m) and B (7,7) Then there are two (mutually 
absolutely perpendicular) planes which are orthogonal to 
both a and 8. One of these planes (4, 7°) passes through 
the line 7, i.e. the common line of a and 8, and the other 
is Z*m. 


~ 
3 


— 


 —- — — 7 2 = = > — — = + 


I - TE m 


Ag 


E] 
kd + 
' 
N 


Fig. 11 
[Here we follow the language of the Point-Geometry 
on the surface of a Hyper-sphere, so that lines are 
represented by points and planes by lines, it being under- 
stood that all the lines and planes pass through the origin 
and we omit the mention of O.] 


^ | 
Bisect the angle ¿a at p. On gg measure angle 
Ao OA 
fg=l'p=45°. Then p and 4 determine the required plane, 


^ 
and if we make ¿g =45°, then the plane (p,q) is the other 
plane perpendicular to ( p, 4). 
| * Manning—loc. cit, Cor, $. 69, 





58 ANALYTICAL GEOMETRY 


Choose L. m, U, m’, for the co-ordinate axes. The direc- 
tion-cosines of p are 


— bem, c 1 A 
Pi — m , i.e. ( 0, ^1 * 92 , 0) 
To 1 
Those of q are q; with the condition g,;= K 


and  Z/,9,—0 £e, g,=0, and X migi =0 $e, g,=0. 


Also x q,*=1 Ee., +g,” =1 2b = - 


- | : . . | 1 à 1 
ie., the direction-cosines of q are ( Fa’ O, O, z ) 7 


The angle 6 between the planes (/, m) and (p, q) is given by 
e, * —cos* 6,.cos* 0, —[Im/pq]* =}. 
^ o6,-c08 0,. cos 6, =}. 
Similarly, e, =sin @,. sin 0, —1. 
^ 6, +e, —1, and the planes are isocline* i.e., 0, —0, —6—45^. 
This is also geometrically evident, for (V, m) and (4, q’) 
are both perpendicular to (1, m), and — 
Similarly, (p, q) is isocline to (7, 7") at an angle of 45°. 


It remnins to be proved that any plane of the two 
systems is isocline to (p, q) at an angle of 45°, 


Take any line s in (1, m) such that (ls)=s, and (ms)=s,, 
so that #,*+s,*=1. Take any other line ¢in the plane 


A A 
(I7, m^), so that l't—ls, such that f, — —5, and L. =s,. 
Thus the lines are (s,, ¢,, 0, 0) and (0, O,—s,, 5,)- 


* Qf. Cor. 8, §. 24. Part I. 
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Now the angle between (s, ¢) and (p, q) is determined 


as follows :— 
9. Fa. U U 


= A .1 A i 
——84,.. 3 ' ( Eyr 2 ) — a s — ( ss JS ) 


=} (3, *+s,*) =}. 
Also, e, —cos 9. . cos 6, —[st/pq] 


84 Sa U 





0 O0 —s, 
7. "0 0 
1 
UC o, 


=} (4,*+s,")=}. 
> @, ke, =f tl. 


Therefore the plane (s, ¢) is isocline * to (p, q) inclined 
at an angle 45°. 


d © §. 24, Cor. Part I. 
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Similarly, any plane of the conjugate series is inclined 
. to(p, q) at a constant angle of 45°. 


37. When two rotations around two absolutely 
perpendicular planes a and a' are equal, all the planes 
isocline in the sense corresponding to the rotation rotate 


on themselves, the series conjugate to any series of these 


planes moving as a series on itself. Every line rotates in a 
plane isocline to a, and any one of these planes and 
its absolutely perpendicular plane can be regarded as 
the axis-planes. This is called an “isocline rotation” 
and the common angle of rotation is called the “angle 
of rotation." 


We may then enunciate the following theorem :— 
In an isocline rotation every plane, not rotating on 


itself, remains isocline to itself in the sense opposite to the 
rotation. 


Let B be any plane which does not rotate on itself 
and let £” be its new position. Let / and m, two lines 
in £, be rotated to the positions /' and m’ in B’. But 
each of / and m rotate in an isocline plane, and therefore 


^ 
the planes (7, 7’) and (m, m’) are isocline, and also 7/' — 
^ 
mm’. Thus, we have two isocline planes (Z, Z’) and (m, m^) 


in which the lines have been taken, such that //-—smm'. 
Therefore, the planes (Z, m) and (Z, m’) are isocline in a 


sense opposite to that in which (Z, Z) and (m, m") are 


isocline, * £.e., the planes 8, 8' are isocline in the sense 
opposite to the rotation. 


e Cf. Manning—loc, cit. 5. 111. 








CHAPTER III. 
COMPLEXES* IN ?-DIMENSIONS, 


38. In my Thesis on the Geometry of Hyper-Spaces 
(Vol. I) I had occasion to notice that a space of r-dimen- 
sions in a higher space of »-dimensions can generally be 
defined by »—»r linear equations between n variables. In 
the present chapter we shall study the geometrical signi- 
ficance of r equations connecting the » variables, in which 
the equations are not necessarily all linear, but one or more 
of them can be of any degree È. 


Definition : A Compler is defined to be the aggregate 
of the system of values of the variables or the aggregate 
of points which satisfy a number of given conditions. 


The vurder of a Complexe is the number of conditions 
which it satisfies. Thus a Complex of order ¢ is one which 
satisfies ‘£ '* conditions. 


If there are two Complexes of orders ¢ and c. their ~ 


intersection is a Complex of order £-- :', which is defined by 
the equations defining the two given Complexes. If +i =n, 
the intersection reduces to a finite number of points, 


The degree of a Compler of the first order is the degree of 
the equation which defines the Complex. 


The degree of a Compler of order tis the number of its 
intersections with a space of ¢ dimensions which is defined 
by *»—*: linear equations, f.e. with a Complex of the first 
degree and of order » —r. 


* Bertini names it '' Varieta.” 





62 ANALYTICAL GEOMETRY 


If «=x, the degree of the Complex of order x is the 
number of points which define the Complex. 


39. A Complex is said to be “reducible,” when its points 
ean be divided into two or more groups defining other 


Complexes, otherwise the Complex is said to be 
“irreducible ” 


A Complex of order ¢ and degree r is denoted by V,’, 
which reduces to a group of r points when :—0. 


When any space S, , of í dimensions has in common 
with a V,*, (r-- 1) points, it has an infinite number. 


We have the following general theorem :—* Any space 
S, of n—é dimensions (zen —1) intersects a V,” ina 
Yes Any S, which ,has in common with V,” any 
V'i4i-. and a point, intersects V," in a Complex of 


dimensions >4+%—a+1 or in more Complexes of at least. 
one dimension less." 


A Complex of order í can be represented by 
Ja (ni, Passer.) =O, k=], 2, 8,...$, i x 


- 40. The complete intersection of two Complexes can o 
be composed of several distinct Complexes of lower — 
orders. In this case a Complex of order ¢ cannot be re- 
presented by only r equations between the » variables, but | 

if there is a Complex which is the complete intersection of. 

7 Complexes of first order, it is evident that the degree of — 
this Complex is equal to the product of the degras of those — : om | 
Complexes. — " 

















Let U,” and V,” be two Complexes of Mur WT (degree 7 
war » ies, let U,” and V,7. ederet eie r ir ix 

Wa ble ——— — A 10 S S UM nplex of. 
s ani de er, which i the intersectic — and 
* | + i "Reel: «med S 


to? iie: 0 
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V.'. If now U,” contains a linear factor L’, (say), it 
becomes of the form L',:P,'^*—V,* =0 (1), where l', *7* 
is of degree r— 1. But a point on a V,” is a multiple point 
of order s, if any space S,.., of ; dimensions drawn through 
the point intersects it in * coincident points there, f.e., if 
the equation for determining the intersections of S._, and 
V,” has s equal roots. Now if the point at infinity on the 
r.th axis is a multiple point of order x—1 on the Complex 
i.e. if Oz, meets the Complex in (r—1) coincident points at 
infinity, the equation (|) takes the form— 


r,*U,'^'—V,*'-—0,or *,U— V —0, where U and V are 
polynoms of degrees r—1 and r respectively and are 
independent of r.. In this case all lines parallel to the 
axis Or, meets the Complex in only one finite point and it 


is called a Monoid.* 


41. Consider a Complex of the first order in » varinbles— 
Jr, ma... 0.)—0O. 


Let r',, z',,7',...2". be the co-ordinates of any point 
P. Through this point we can draw (2n—?2) Complexes of 
the first order and first degree, f.e. we can draw a plane 
passing through this point and parallel to the plane of 


(zi, T.) TET 
| Pa A a SA ALE 24.) Bc, —2,) 


a .—2'. se ALLE, ee, )2- B, ra — K a } 


Pae. —— A LPA ATL B+, ATA) (i 
*:'This is an extension of the term  " monoid " need by M. Cayley — 
Comptes rendus Vols LIV and LVIII.—Carley says that if a surface 
contain a multiple point of order less by one than its degree, the lines 
drawn through this point intersect the surfaces only in one point and 
. the surface is called a Monoid. 
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If we substitute the values of r,, xr,..c, from this 
equation in f(:»,,z,... 0, ) —0, we obtain a relation of the form 
F(7,,*,)—0; but when æ, =+',, rz,—2',, the equations (1) 
give Pa au P= tern =en Therefore F(z',,«',) is the 
value of f(m,,v, TT when EE TS. a nre put for Vas. corte 
respectively, f.e., 


(a vp a) SS (aa! a arna). 


Thus the above plane intersects the Complex in the 
plane curve F(z,, z,)=0. 


Let us take another Complex $(r,,«,,...7,) — 0. Suppose 
that the intersection of / and 4 is composed of several 
distinct Complexes of second order. Leta plane intersect 
these two Complexes. Then we can determine as above in 
any of them a plane curve. The intersection of these 
two plane curves F(rz,,r,)—0 and F,(z,,r,)—0 is the 
intersection of these Complexes f=0 and $-—0 with the 
plane, t.e. with the (n—2) Complexes of the first degree. 
If the Complexes f and ¢ are reducible, their intersections 
are also reducible into several groups defined by different 
equations. Let p be the number of points defining one of 
these groups (supposed irreducible). The number of points 
which coincide at any one of these points is equal to the sum 
of the orders of F(z,,7,) —0, the point (r,,r,) being placed 
successively on the different branches of $ =0, very close to 
the point.* : 


Now since F(+,,r,) is nothing but /(#,,7,,... Ta) 
we easily obtain the theorem :— 


If the intersection of two Complexes of the first order f£ 
and $ consists of distinct Complexes of second order, the 


* Vide Bull. de la Soc. Math. de France, Vol- 2. Theorem II, p. 35. 
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point (2,,0, ...4,) may be placed successively on the different 
branches of $, ata very small distance from any of the 

points, such tbat tbe sum of the orders of the quantities 

| J(£1,2--.#.), multiplied by the degree of the Complex of 
| the second order, is equal to the number of intersections of . 
I J and 4$. - 
iH 42. Ifa Complex V," of order ¢ and degree yr is 
| irreducible, the »r points in which any space S, , of c 
dimensions intersects it are all distinet. Suppose the r points 
h in which any space S... intersects V,” are divided into 
U two groups :—one containing a points each counted twice 
and another of B points ( ".2a-4- 8—7,«2»0,82-0). lt follows 
therefore that the equation of the »th degree which deter- 
mines the r points has a double roots and 8 simple roots. 
These roots may separately be obtained by two different 
equations containing the co-efficients of the given equations. 
It follows then that V,” cousists of two parts defined by the 
| equations of V,” and the two equations giving the roots, 
i 2 which cannot be. Thus the points must all be distinct. 
| 


We conclude therefore that every irreducible Complex 

V,' is sp aim by any space S..,,, in an irreducible 

. V,'. If not, suppose that the section of V”, by — 
F Fe 
consists of more Curves Vis , — vus Vio 




















- (7, +7, +...+7, =n). 


l — By varying the S, ,,, in a fixed space S,.,, it 
m will intersect V," in r distinct points, of which r, will be 
r Pa 
EC 700p vv. r, on NS sí. Te OD V. . These ¢ curves will 
H — describe ¢ distinct Complexes. The Complex V”, is then 
composed of these ¢ Complexes (represented ‘by the equa- 
Bree: the ¢ curves). 


| s s m 
E } N la 
è 4 
iz - 3 ^ 


‘a? E 
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From this we deduce the more general theorem :— 
Every irreducible Complex V,* is intersected by an 
S. (4 0O) in an irreducible V, *,* 
43.7 Let us now consider the representation of a Complex 
of any order higher than one. For the points at infinity in 
a Complex of order 7, the ratios of the Coordinates r,,,,...r, J 
to one of them are connected by c relations. The ratios 
Es Es : — may be regarded as (» — 1) new co-ordinates 
£,,£,,...£, ., and therefore the i relations define a Complex d 
of order ¢ in (n —1) dimensions. Now, one or more of the 
new co-ordinates can be zero or infinite, but this particular 
case ean easily be considered by a simple linear — T GE: 


mation. 

Let A=0 and B —0 be two Complexes of the first order. 
Eliminating 7, between these two equations we obtain an 
equation of the form A=0, where A does not Contain »,. 

The Complex of the second order A —0, B —0 is reducible 
or not, according as A does or does not contain factors. — 
Let P.C efa ) be an irreducible factor of A. Then E 
the equations Jar ra... ay) =0; and vrz,—uz0.. (1) B 
define an irreducible Complex of second order. It is evident. N 
that each system of values of ras. ee EUR satisfying 
J, 70 gives only one value of +, bos the second equation. 
Thus we cannot say that the Complex is the complete "P. 
intersection of the two Complexes (1), but its intersection: G. 
l consists of the two Complexes f, = =0 and »=0. — 
uppose that the Complex is irreducible and that 1 e 
infin te values of the co-ordinates of its points, the ratios | ms 
n EL paces TORO HON aita Geometría ote. —— e e TOI 
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a Rr. ; e : 
Ts “» ,..t-* are neither of them zero or infinite. Let the 


——— — — 


ie,” ot * Hy 
sum of higher degree terms in f, be /,, so that by oquating 


e . * * Zz E Md ann 
J; to zero we obtain a relation between the ratios-*, E asm, 


a “4 as 


Thus f, =f 4+4fa, where f, is of degree less than 7,. If 
the higher degree terms in v contain the factor f., we have 
pse Pr, tps v, being of degree less than v. Thus 
for representing the Complex we may replace r by 
v—PBf,-—rv,—P/,. Ifr,— Pr, still contains the factor f, 
in its higher degree terms, we may apply the same trans- 
formation to the new expression, and repeat the same process 
until we obtain an expression which does not contain £f, in 
its higher degree terms. Similarly, » may be transformed. 
Thus « and v may be supposed not to contain the factor f, 
in their higher degree terms. Therefore, for infinite values 
of the co-ordinates 7,,7,,..-7,., which make f, —0, wand v 
are infinite of an order denoted by their degrees. .Conse- 
quently zr, must be of the same order as the other coordi- 


nates. 


Next, it is evident that z. cannot be infinite for the 
values of the other co-ordinates which make v —0 and f£, —0, 
because the Complex of the points at infinity is irreducible. 


Therefore the ratio = is finite, which shows that w passes 


through the intersection of r=0 and f, =0 and w is small 
of the same order as v, while zr,,r,,...7. , is very near to 
the intersection on a branch of f£. Therefore, from what 
has been said before, it follows that the intersection of 
v and f, which lies on w counts as so many intersections of 
u and v as of v and of Z,. Thus, if » is the degree of 7, 
the intersection counts as (p— l)», where p—1 is the 
degree of v and p that of ». "The remaining intersection 
of wand f, is pn —(p—1)n—n. 
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Now we apply the transformation— 


Y= an! 2 IE d MEUM 
* * 
In the new Complex, the part at intinity is irreducible. 
The Complex is consequently represented by the equations 
v's’. —n'—0, f —0, where x’ and v’ are respectively of 
degrees p and p —1. In this case, as also referred to the old 
system, the Complex is represented by vr,—3-0 and 
J, =0, where » and v are of the same degrees as w’ and w'. 
Therefore, as before, the intersection of « and /, is the same 
as that of v and /,, and the intersection consists of (p— 1)» 
units and a Complex of degree n. The same conclusion 
holds for reducible Complexes. 


Now, since # passes through all the intersections of v 
and f, and this intersection counts as as much units 
in the degree of u=0, /, —0 as in that of v=0, f, =0, it 
follows that if no part of this intersection is contained in 
Jy, N is of the form Zv+ m/,, where ¿ is of the first degree. 
The monoid vr,—7-0 is of the form «,=—/. ‘Therefore 
the Complex of the second order is traced on a Complex of 
firet order and first degree. 


In asimilar way, we can easily show that all Complexes 
of the rth order are represented by an equation y=0 
between »—z2+ 1 co-ordinates z,,r,,2,,...7, .;,,. and *—1 


f 
monoids z, ,,,« = Taits 77, prosessi satisfying the same 


conditions as above. We may reduce the equations of 
these monoids to the same denominator v ; thus 





t Tat ka ~ 


Ratha — uag E PE d 


Each of these Complexes Rat +a TR AEN T of a degree 
bigher by one than that of v, and passes through the 
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intersections of v and y. The degree of such a Complex 
is precisely that of y. 


44. The degree of the intersection of two Complexes, of 
which one is of the first order, is equal to the product of 
the degrees of these Complexes. 


Let us consider a Complex of order ? and degree r given 
by the equations :— 


$=0, Ta-i4.7 anita, — œe . E (1) 


Let A be a Complex of the irat order given by — 
A-a-4-a,rx, Fä, +t ...... 4J-a.z,—O0 ess LEA) 
Substituting the values of ra ,,,,... xr, in (2) we obtain 
(Atay ry Hee Fa. iua nip) V auii t+ 
+a,u,=0. 3) 


It follows therefore that if the degree of the Complex C 
is r, that of y is kr, where & is the degree of x. 


lf we put v=0, then a,.,,,*, 45, H- Fa, x, —O. 
Therefore v —0, 6=0 gives a Complex which counts for 
(4—1)mr of the intersections of , —0, $—0. The remain- 
ing intersection is of degree mr (where » is the degree of 
$) aud it is the degree of the intersection of the two Com- 
plexes v,” and A. 


Cor :— When we consider a three-dimensional space, the 
above theorem expresses the fact that the number of inter- 
sections of a curve and a surface is equal to the product of 
the degrees of this curve and the surface.* 


* Salmon—Geometry of threo dimensions, Ch. XII, $. 331. 
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45. The above theorem can be generalised as follows : — 


The degree of the intersection of two Complexes, of 
whieh the sum of the orders does not exceed the number of 
dimensions, is equal to the product of degrees of these 
Complexes. 


, 


Let V. and W. be two Complexes of orders ¢ and c 


and degrees rand r' respeetively, defined by equations 
analogous to those given in the preceding article. 


Let us transform the. equation V,” to a space of 
"--:—1 dimensions. Thus we obtain the equations of a 
Complex C,* in 4 -; —1 dimensions in the form 


WL 61 vT arc va 2, )=0, C =" * = 2, ee 4 we En rt. 


, 


Similarly W. is transformed to a space of »--:'—1 


al 


dimensions and the Complex c^ , is given by 


T, 


V' Cr mese Ta ‘y==0, = , Eae T I E i — 


The degrees of y, Y, v, ,...»',...are determined as before, 


'Thus the two Complexes G. , G. may be considered as 


both belonging to the same space of » J- i 4-2 — 9 —— 
the variables being denoted by (say) s, «,, + asus En, C, 
T e - e e» v TPAS 


Now we can easily obtain the intersection of these two 
Complexes by eliminating one of the old co-ordinates zr, ,z,... 
+, (say £,)between the equations ¥=0 and yz 0, which 
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gives an equation ¢=0 of degree rr’ in (7,,7,,.. 7, ,), and 
then deducing from the equations an equation of the form 
vr.—u-U. Then $-—0, vr, —u=0, together with the 
equations for £,,£,,...£,,£,,... obtained from the scheme of 
transformation, will give the required intersection. These 


also give us a Complex ( D Z ) of order z-Fi' in 
u4-i-4-:' —2 dimensions of degree rr’. 
The intersection of this Complex ( C. — ) with the 


space or Complex £, —0,2, —0, . £, , —0,£,'—0,£,,' —0,... 
£,.,-0,is also a Complex of the same order rr’. This is 


, 


r 


p 


really the intersection of the two given Complexes uf : W 


which proves the theorem. 


46. We shall next try to give a geometric interpreta- 
tion to the equations defining a Complex of order : and 
degree r in » dimensions. In the first place let us consider a 
Complex in a three-dimensional space. In the above 
monoidal representation, a curve in space can be represent- 
ed by— 

Ie, 9y)—90, zd, da, 
where $, and 4, are polynoms of orders p—1 and p 
respectively, and / is the equation of a cone (cylinder) of 
order m. The two surfaces / and d, intersect in m(p—1) 
lines, since $, =0 is tangent to the monoid at the multiple 
point of order p — 1. 


If we draw + chords of the gauche curve through any 
point of space, they are double lines of the cone /—0, and 
are counted twice among the lines »(p—1). Denoting 
by &’ the remaining lines we have 


mL p—1)=2k-+ K. 
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Also the +% lines are simple lines of the monoid passing 
through the multiple point, whence we must have* 


HL p IDe KE E - * 
Eliminating k' we obtain— 


| "RZD > k >(p—1)(m—p) 
But certainly p is greater than unity. 


n >(m—p) 


Therefore the inferior limit to the order p of the monoid is 


T 
Pz- 
Thus we may regard a curve in space asa curve traced = l 
on the surface of a cylinder. 75 n 


If now we Consider a Complex of order »—1 in 6 d 


dimensions, which is represented by JEU P 


u ti P 
fr, ta )=0, Ta —7⸗ Demm p n 


we see that each group of the equations 


order » 
t — u o0n — f 
ee Lhe — * T L C 








LI 
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47. We shall now conclude this ehapter by stating a 
most important theorem* in the theory of Complexes in 
"-5Space:-—— => 

* A Complex V,* of order r and k dimensions and a 
Complex v. " of order r’ and (n— k) dimensions, which 
have not infinite number of common points, intersect in rr’ 
points, 

The theorem is easily verified in the case when the 
Complex V,* (for example) is composed of r spaces S,. 


It follows that two Complexes Y and Ve me - 


; fant. rr 
k +’ >n, intersect in a Complex ——— , if they have 


not in eommon a Complex of dimension greater than 
k+ k —n. 


In fact; any space S... +... L in #-space intersects a 


, 7 


Complex Y (for example) in a Complex V " which has, 


» 
ae 
by the preceding theorem, rr’ common points (not infinite) 
with the Complex Y , as otherwise varying the space 


— AZ Ww? obtain -a Complex common between 


y and M , of dimensions >na—$— k’. 


ny * Halphen has given ^ demonstration of this theorem in the 
e » monoidal representation of Complexes (Ball. de la Soc. Math. de France, 
Vol. 2, 1874, p. 34). But it was more rigorously and more simply proved 
by Noether (Math. Ann. Vol, 11, 1877, p.570) Another proof was 
given by Pieri (Giornale di Matematiche, Vol. 26(1), 1888). 
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2 , 


When v, , Y have a common Complex of dimen- 


* sions 2 ELE —2(2 0), the two Complexes may have another 
common Complex, but tbe dimension of any of these is 
always >44 k'—n. 


48. Geometrical Continuum: Each group of values 
of the variables satisfying the equations of a Complex is a 
solution. If the number of equations be exactly equal to 
the number of variables the solution is determinate, but if 
less, the aggregate of values is defined to be a “Continuum.” 
If there are ? variables, then ¢ represents the dimension of 
the continuum ; when all the equations of a Complex are 


linear, the continuum is linear. "The continuum defined by p 
A it 

one equation between # variables is called an (n— 1) L 
continuum, as we have already seen. v 
"f 

The aggregate of values of the variables even if they = 
are not connected by any equation is called a "7 region,” * 
more precisely s-region. If the variables are independent, la 
but the boundary defined by the  »-tuple Integral ^ 












- dr,dr,dr,..., in which none of the variables are infinite, 


then the aggregate of values over which the integral 


extends is called a closed region and the integral — 
ite content or mass. 


If z,,r,,... are the variables, dæ, rgy.. their differen- T. die. 
tials, supposing all independent, P, PT. E 





1^ cb ad. oss ——— the aan ay 
` the distance A to B, where A and B are t ne Tite — 
of the integral. The caleulus of variation s 1 shows: 


P —— “distance is a minimum if the variable functions ar of — | 
| as —— A wa 


then s= 
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49. Application of the orthogonal transformation : 
We have already discussed the properties of an orthogonal 
transformation. Let z,,c,,... be the original variables and - 
6,,6,,... the new variables. 


Let z,-a,l,-d-a,6, +... ] 
ra=, t Bat, Here eth 
etc. etc. | 
Then, r*=4,*+4,*+0,%+... =(a,?+...)t,*+ etc. 


+2(a,a,+ 8,8, +...)¢,¢, 4+...ete. 


where r= distance of the point from the common origin. 
If r* =¢,"*+7,* + ...ete., then the constants of transforma- 
tion must satisfy the conditions, as we have already seen, 


a,*-4-/3,*--... =1, etc. l 
a,a,+ 8,8, 4- ... —O, etc. 


If A= a, Ga a, 
B. B. Bs 
then, A Real za," ur. E, A eea 


k « >ü,” aD H os 
0-0, oss v ons 


Thus, by the above conditions, A*=1 and consequently 
either A =— 1 or A=—+1. 


= — 1l, the new variables are simply the olf ones with a 
A= LL. 
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If now 2a,,b5,,c,,... are the complements of a,, B,, y, ... 


UA uL UBA TU oa 


= ' 1 ——7 » Ca = , ete. 
s Qa, 1 o B, ' Oy, 


t.e. if a 





then At, =a, r, +b,«,+0¢,2, +...etc, 
But if we multiply the transformation formulae respectively 
by and add, then by condition (1°, 
t =a,” +B, r, T... 

Thus, if ^A =1, a, =a,, b, —],, etc. te. the complements are 
equal to the corresponding elements themselves. 
Hence a,a, +a,a, +... — A, etc. 

a, B, --a, B, +... —0O, etc. 
Therefore, a,*+a,*+a,*+...=—l, etc. 

a, B, Fa, B, +... —O, etc. 


Hence we see that we can transform the original variables 
to new ones and vice versa and the processes are similar. 


- 


50.* The content of the cylinder: The mass V of 
an open region is represented by the x-tuple integral 
R n—1 
{ dxc,dz,.... If now the 4 —1 tuple integral V 4z,42,... 
has a constant value A independent of «,, and if the limits 
are constant with respect to .,, and their difference 
is a, then V —a4A, 


The first condition among others is satisfied, if the 
boundary equation be given in the form 
dL +a P, al J L E 
where p,g,... are functions of a single variable »,. - 


B 
* Cf. L. Schlafii—Theorie der vielfachen Kontinuität, edited by 
J. H. Graf, Bern, 1901— 5. 5, p. 11. 


iM, - GN 
n — T - x4 it P, 
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There are now two boundary equations of the form 
»,=constant, and the integral V extends over all values 
of «+, which lie between those two constants. If however 
P, 4,... are linear functions of «7, then the boundary defined 
by $ —0 is generated by the motion of a line which remains 
always parallel to those determined by asped The 
closed region V is then the cylinder of ordinary Geometry, 
where A is the base and a is the corresponding height. We 
may therefore state the theorem in the following form :— 


The content of cylinder is equal to the product of tts base 
and height. | 


51. The Paralleloschem :* If the boundary of the 
(n—1)-tuple Integral A (the base) in the preceding article 
is again similarly determined, and so on, we have V - ac... 
Then æ, lies between the two constants whose difference is 
a, #, lies between two linear functions of =, whose 
difference is 6, x, between two linear functions of x,,r,; 
whose difference is c,and so on. The region is thus enclosed 
between pairs of parallel linear continuum, and we call 
it the “ Parallelosehem." We always assume that the 
nr original equations are all satisfied by the zero values of 
the variables. The (1— 1) of these original linear equations 
taken together will determine a straight line, bounded by 
the remaining pair of parallel linear continuum and this 
line is called an “edge” of the paralleloschem. There are 
in all 2.2, ., edges ; but 2*-* of them are parallel and of 
equal length. Thus they fall into » groups, of which 
only » pass through the origin. The first is «,—0, the 
second is a,r, +8, 2, =0, the third is arı - 8,7, +Y: —O, 
and so on. If we take the first, no variable vanishes; if 
the second, c, —0; if the third, z, —0, xz, —0; if the fourth, 
mz.m—.4,—20,-0;andsoon. For the first edge, rto projection 


* The name ia used by Schlatli, 
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vanishes, and its first projection is a, for the second edge 
the first projection is zero and the second is ò; and so on. 


52. The content or mass of the Paralleloschem : 
The mass or content of à *'Parallelosehem" is equal 
to the determinant of the orthogonal projections of its edges. 
Let the projections of the edge of a parallelosehem in any 
rectangular system be 24,,5,,0,,... j 45,0,,C, 5... dab dar -. 
We now transform this toa new system to which the 
parallelosehem has the above relation. If now we consider 
the edges as the new variables X, Y.... in any of the 
above-named order, then the projections in the new system 
are : n 

A, 0; O 6,... 
i200 o 


A,, B, C,, O,... 


etc. 
Let t, =a,X,+a,X,+4,X,—... 
©, —8,X,+8,%,+8,4%,+... 
etc. etc. etc. 
then we have 
(1) a,=A,a, ^) (2) a,—A,a, --B,a, 
b,—A,.B, 6,=A,f,+5,8, 
1 (3) a,=A,a,+B,a,+C,a, 
b,—A,8,--B,B, 0, B. 


From the first of these equations we have 
— — — | b 
å, = a,*+b,*+..., and a, = re " B. m re gare E 
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Since the second system is also orthogonal, from the second 
we have 


A =a; 


and if we substitute the above value of A,, we have 


B,— “(a,—A,a, )*? +(6,—A,B, )* +... etc. 


a,= a,—A,a, s. ete. 
LO 


The third equations give— 
A, =a,a, --b,B,--..., B,-a,a, --b, B, +... 


and from these we finally obtain C,,a,,8,... and so on. 
Each system of values contained in the paralleloschem is 
represented by the equations— 
aw, =A,a, +A,a, +A,a, +... 
He =A, b, +A b, HALD, +... 
etc. ete. ete. 


where the indeterminate co-efficients are positive and frac- 
tional. If the determinant V = 5 + ¢,4,¢,... be multiplied 
by itself, then the produet is a determinant whose elements 
are 


a, +d, "+e, +.. a,a,+56,b, --c,0, +... 
one BB. 4010, +... a,*+b6,*+c,* +... 
etc. | etc. 
a,a,+6,5,+c,c¢c, +...etc. 
aa, b,b Hc, +...ete. 
ete 
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If now we denote the edges by k,,k,,k,,... and the cosine of 
the angle included between two edges as (k, k,), then 


a,* +b,” +e,” H. =k’, a.a, 4b. b, uL E k (ky k.) 
and so on. . : 
Then V2#=; 24," Bk Ce), KRk,(k,k,)... 
k,k,(k,k,) k,” k,k, (kaka). 
z(k,k,k,..)*x| 1 (es) (kh) E 


(E, k, ) 1 ' (kaks) 
(k,k,) (k,k,) l » one 


=.: -"*"- =.. 


Hence, the mass or content of the Paralleloschem is the E = 
product of its edges multiplied by the square root of — 


determinant whose general terms are the cosines of the ai 
angles included between the edges in pairs. 2. 
This method we have already diseussed in Geometry of — ^w 
Hyper-spaces Part I. A. 
If V —0, then the edges all satisfy the same linear. E | E 


w 


equation and they lie in one and the same plane, and t e 
above determinant also vanishes. 


If n=4, we obtain the same result as before in — EC bin 
ie.. | 





II. 





cosb, cose, 
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This is the case with a tetrahedron. 
53. Mass or Content of the Pyramide :— 
"n | 
If the Integral P=A f dt,dt,dt,,... is bounded by the 


conditions f£, >0, t, >0, ete. 


E a fs a ty 
p RE —1, 


we call such an Integral P of n+1 linear continuum a 
Pyramide. j 


If we now put t, —k,u,, t,—k,u,, t,-—k,u,... 
71 
then P—A.k,k,k,... X J du du, du, ... 


with the conditions m, 20, u, 20, u, >0,...ete. 
“yeu, teu, +... Zl. 


Since the integral contains no constant, it can bg represented 


by fí(n). 
n—1 
In J dnm seg ns Hn, 01, Hus t el 
Vs let us put &«,—(1—5,)v,, v, —(1—w,)v,,...etc. then - 
n—1 
| du, du... — (d —5u,)*7* f dv dvu,dv,... 


m [va 20, pa >0, ... v, +0, +u, +... <1] 
R z(1—wnu,)"^'f(n—1). 







ga» MP. 1 
o — zf-—(n—1)- 1 "=I du, == MEE) = — 
ih: i Afin) —f (n 04 (1—w,) du, = n 1:2-3...n' 








— - mr 
* 
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for, s= fau,[u, 70, m, <1]=1 


Dx RE UN EL o 
i^ m [3:3 ee SSS es 
^ The content of the pyramide is equal to the content 
of the paralleloschem which bas n edges common, divided 
by al}, 


po 
a... 


i a uf 


=A 
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E 


nx 
— 
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CHAPTER IV. 
HYPER-SURFAOES. 


54. We shall now introduce the idea of Homogeneous 
Coordinates in the Geometry of Hyper-spaces. As in the 
ease of plane. and solid Geometries, the introduction of 
Homogeneous co-ordinates in the geometry of hyper-spaces 
greatly simplifies the study of projective properties of 
curves and hyper-surfaces. Prof. E.  Bertini* of the 
University of Pisa has written a Treatise on the “ Introdue- 
tion to the projective Geometry of Hyper-epaces,” in which 
he dwells at some length on the projective properties of 
curves and surfaces. 


In studying properties of Hyper-surfaces we shall make 
use of homogeneous coordinates, but at the outset we shall 
show that some geometrical interpretations can be given to 
thie special system of co-ordinates. 


55. We have so far defined the position of a point with 
reference to » mutually orthogonal axes, called “‘ the axes 
ef Coordinates.” The position of a point may also be 
defined with reference to a *' Simplicissima,” determined by 

(a+ 1) given independentf points in the general n-space. 
The (n+ 1) vertices will be called the “fundamental points.” 
The (n+ 1) co-ordinates of a point will be defined as the 
ratios of the n-dimensional contents of the joins,] which 
have the given point and any n of the (n-- 1) fundamental 


* Pian, December, 1906. 
+ Vide—Geometry of Hyper-spaces, Part I, §. 7, published by the 
University of Caloutta, 1917. 
. $ Ball. of the Cni Math. Soc, 1909, Vol. S3. “on Parametric 
J CQo-efficienta, etc. 
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points as vertices, to the content of the fundamental 
Sim plicissima. 


Let us denote the fundamental points by A,,A,,A,,...A,. 
Let u, denote the (n— 1) dimensional content of the join 
"of n of the fundamental points with the exception of A 


Thus we obtain ,,",,..», similar (»—1)-dimensional 
contents. 


Let P be any given point in the #-space. Let 
V,,V,,V,,...V, denote the n-dimensional contents having 


P as vertex and »,,",,",,...», as bases respectively. 


Then, V,/A,V,/A,...V./A, where A denotes the 
content of the fundamental Simplicissima, are defined to be 
the (m+ 1) co-ordinates of the point P, corresponding to the 
Areal or Four-plape co-ordinates jn ordinary two or three 
dimensional geometries respectively. These : +1) co- 
ordinates will be denoted by the lettess eas Paa Cass v 


> 
Ld 


From the above definition it easily follows that these 
(n+ 1) coordinates are connected by a linear relation 


Zo +z, +r, +... +r. =l mu ev 


It is to be noticed that this relation must always hold, 
wherever the point is taken in the »-space. In the case 
when the point P lies within the join of the fundamental 
points, it is easily verified, having regard to the fact that 
the sum of V,,V,,V;,...V. is equal to A. When the 
given point lies ontside the join, cox must be had to the 
sigus of the contents V4,,V,,V,,... V, ; for a point inside 
the join, the signs are all eai ; for a point outside, 
the sign is to be determined by the fact that it is regarded. 
positive if the single perpendieular drawn from the given 
point on any of the bases is in the same direction as the 


perpendicular drawn from the corresponding fondamental K 


pons, and negative in the Kada case. 


$m. n 


- 
© 
u 
- 


"m Ç 
"d 
, 


297. MEC. a 2 tls MI ao O M 


i 
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Further, it should be noticed that none of the co-ordi- 
nates of a point in this system can be infinite, and all of 
them cannot be simultaneously zero. The point whose 
coordinates are proportional to 1,1,1,...1, is called the 
* unit-point " and is denoted by U. 


In virtue of the relation (1) all equations in this system 
ean be made homogeneous. 


56. Formulae of transformation from the Cartesian 
to Contental system :— 


If .,'(j—0,1,2,...n ; 1—1,29,3,...n) be the Cartesian 
co-ordinates of the fundamental points and r»,,7,,...7, the 
Cartesian co-ordinates of P referred to any system of axes, 
orthogonal or oblique, and if X,,X,,X,,... X, be the contental 
co-ordinates of P referred to the fundamental Simplicissima, 
then 3 l 

(0) (1) (2) (r) 
3.2554. Xe, Xite, K+... Fey A,...*-8.;4, - (CL) 


G=1,2,3,...%). 


For, * Be a (n!V, )* 
* (ala)? 
= 5 EC 2 rs p. 
(1) (1) (1) 
il 3. Be "a 
. (n) (n) (n) 
Lu Pe T. 
+S (0) (0) (o)  |* 
1 Ca Ts -—L n 
(1) (1) (1) 
fai fs c T. 
(n) (n) (n) 9 
Ll @, Za vas Me 


. * yide Proceedings of the London Math, Soc. Vola, XVIII and XXI. 


nw rm rm Se d -— 0 R 
8 LI 
. 


Fdo 
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I 2 0) (1 | 
mM. 
| 1 0) (1 ( 
qoe Ty pe Asi — A d 6 ass 
0) (1 n") 1) (2 
E le: A »@) £ ix,-n * ) ( E e» 
Similarly, T 
1) (2 
a Pis y^ —— E.B e dis 21 | 
eto. etc, ka | 
b. 
and generally, E 
0) (1 0 é—1) (6*1 me 
" t (ue d F is [ae 2. v Z ^ ^ aid c) (I1) 7 
| (¢=0,1,2,... n) à 
3 (0 (1)  (») | | * 
Multiply these in order by z, , T, AL , and add. AP el l 
| DO (9 0. E 
fo Ds b un Vin, Kater, Den a F, de -— 5 
T ; ut 
nd © GQ)  (- (¥) (0) oy (G—1) en mw 
| =z, es @ Feat [e e ... # Be d. 


©) (0 (al 
Ç nee —* TO s r3 
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Thus we see that all our results obtained in Cartesian 
system can be transformed into this new system by means 
of the above formulae of transformation. We do not 
propose to discuss the details of these transformations at 
present, but we shall only make use of the homogeneous 
nature of this new system of co-ordinates in studying certain 
properties of H y per-surfaces, analogous to those in ordinary 
Geometry of three dimensions. From the above formulae 
it is easily seen that the co-ordinates of any point in an 
r-space contained in a higher space of s-dimensions can 
be expressed as a linear function of the co-ordinates of the 
generating points. 


57. Hyper-surfaces : 


A locus is generally defined to be an aggregate of a. 
number (in general infinite) of points determined according 
to some specified law. Thus, if s is a point 


ofo ta,” d.i... 4a.T. 


in the space determined by a,,4,,2,,...2,, then the equation 
$(75,,7,,..».)—0, where $ is a homogeneous function, 
limits the arbitrary nature of the ratios za: z,: z, i r,. 
The corresponding values of « form a special aggregate of 
points out of all the points in the space. 


" A locus is sometimes defined by means of simultaneous 


equations such as $, =0,¢, —0,... $. =U, where the $'s are 
all homegeneous, and a locus defined by r equations is said 
to be of (» —7) dimensions. (These we have called “a 
Complex of order r " in the preceding chapter.) It is to 
be noticed that the functions $,,9, ,... $n are not necessarily 
linear. 

We shall call a locus a “ Hyper-surface " which is of 
one dimension less than the space containing it. Thus 
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in plane Geometry a conic is a carve of one dimension, 
in the geometry of three dimensions a conicoid has a 
surface of two dimensions, Thus, in general, a Hyper- 
surface in an r-space is of (r—1) dimensions, 


A Hyper-surface defined by an equation of the rth 


degree will be called a surface-locus or a Hyper-surface of 
the rth order. 


58. Consider the oo*~' aggregate of the points of an 
"-space, Which satisfies a rational, integral and homogene- 


ous equation of the rth order in the current co-ordinates : 
et ar we 


fCrosmma sr = Sa, a, — € T. dte seeds rm (1) 


i. P 


"where the sum extends to all combinations of ¢,,¢,,...t. of 
the rth order, repetitions being allowed. 


The aggregate of points defined by the equation ( 1) 
will be called a Hyper-surface of order r, and will be denoted 
be wu 


The number of linear and homogeneous co-eflicients in (1) 


A MA UT d Gy sa SE C aa a+r 





Hence if we put N(r)=( vtt )-1, all the Hyper- 


e 
surfaces of order r in an n-space form a “ linear system 
eo Nr ding 

Thus the equation of a Hyper-surface of order r can be 
made to satisfy N(r) conditions, and no more. 


* Vide—Algobra—Smito, §. 246. 
Bertini. 
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A surface is said to be “degenerate” or ‘“ non- 
degenerate " according as the function / breaks up or not 
into the product of two or more factors of lower orders. 


A degenerate Hyper-surface is composed of two or 
more “ non-degenerate " Hyper-surfaces. 


59. The order r of a Hyper-surface has a geometric 
significance. It is the number of points in which a line 
intersects V"._,. In fact, the equation (1) of § 58 and 
(n— 1) equations of a right line have r solutions common, 
which correspond to the roots of an equation of the sth 
degree in one co-ordinate (v, say), r.c. of the equation 

. obtained by eliminating » of the («+ 1) co-ordinates between 
the above » equations. If any line has more than r points 
common with the UHyper-surface, it lies wholly on the 
surface, the equation having more than r roots reduces to 
an identity. 


ln general, if we have a k-omal,* to find its intersec- 
tions with a V',.,, we have the equation of the V*, , and 
the (»— k) equations of the omal. Thus we obtain alto- 
gether (n— k + 1) equations. By means of these -we can 
eliminate (n—k+1) of the (»--1) co ordinates and the 
resulting equation involves only X co-ordinates. Thus the 
intersection is a V",_,. 


60. Intersections of Hyper-surfaces : 


The aggregate of points common to two or more Hyper- 
surfaces is called their intersection. Bv a known theorem 


in Algebra, » hyper-surfaces — — T have in 
general r.r,...", points of intersection. If they have 


b * Cayley—Memoir on Abstract Geometry, Phil, Trans. of the Royal 
i . . Boc. of London, Vol. CLX, 1870. : 


Dno d 
g do A 
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more than r,r,...r, points of intersection, they have neces- 
sarily an infinite number, forming one or more Complexes 
of different dimensions. 


It follows that k hyper-surfaces (k<n) intersect »—k 
hyper-planes (f.e. a space of k dimensions) in r,r,r,...r, 
points. This group of r,r,r,...r7, points is called a 
Complex of order r,r,...7, and of dimension »—7, and is 


therefore denoted by yore But if these Hyper- 


surfaces have a point and the Complex vis 173 common, 
any space S, of k dimensions will intersect this Complex 
in 7,7,...7,+1 points, and corsequently in an infinite 
number of points. 


61. If we consider k+1 hyper-surfaces of the same 
order 7 (linearly independent) and the linear system ae" 
determined by them,* all the H yper-surfaces of the s) stem 
have in common the points of the Complex of intersection 
(if it exists) of those Hyper-surfaces, This Complex is 
called the “ base Complex " of the system, and if k+l<n, 
piti 


it certainly exists and isa Complex V 


"--—h-—1 


It ean be proved very easily that the Hyper-surfaces of 
order r, which pass though N(r)— generating points of 
any 7-space, constitute a linear system ee". and, if 
ken—1, they have in common a Complex Me 258 
determined by those N(r)—k points. If k-—n—1, they 
have r* points common. In fact, if we substitute the co- 
ordinates of the N(r) —k given points in the equation of a 
Hyper-surface, we can determine, in terms of k--1 


, 


* Vide— Bertini, loo, cit. chap. X, $. 1. 





. and A,.'"f,- 


"c vow 
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co-efficients, all the remaining co-efficients as linear and 
homogeneous functions of them ; and these values substi- 
tuted in the given equation will determine a system ee". 

62. Polarisation in »-dimensions : 

Let f (»,,*»,,v,,...7.,) —O0 be the equation of any Hyper- 
surface of order v. o4. 17.43 

Let P and Q be the two pointe y, and zs, 
(= 0,1,2,3,...7). Then the co-ordinates of any point on 
the line PQ may be taken as Ay; -+ yz, (£—0,1,2,...»). The 
co-ordinates of the r points of intersection of PQ with the 
Hyper-surface (1) are found by substituting these values 
for z,,-»,,...". in (1), and then determining the ratio A/p 
from the resulting equation, which is of degree r. 


The equation thus obtained is— 
Ah, LL 1 pared Sat ( F Pome De hy +o =0 (2) 
where | 7 i GP ases) 


L fo ol eie we X 


The operation A." is called “ Po/arisation " with 
respeet to the pole z. 





s (r—s+1)... 


The equation (2) can also be written in descending 
powers of 4 and then comparing the coefficients with those 
of (2) we obtain the following identities :— 


A.'f,7A,' f. 
A.A.S fS ALUTIf, 
AAJ A'A "S 
The equation A,'f,—4.'^'f, —0 represents a Hyper- 


-surface of ordér r—s, which is called the sth polar of s with 
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respect to V', ,. In particular, the (r—1)th polar is a 
Hyper-plane and is called the Polar Hyper-plane of order 
r—]. The (r—2)th polar is called the ** Polar Quadric; '* 
and so on. 


Note: "This is really an extension of the Theory of 
Poles and Polars in the Geometry of three dimensions, and 
consequently the theorems proved in this last case are also 
valid in the geometry of » dimensions. We give below 
some of those theprems without proof and shall try to 
interpret them geometrically on a future occasion. 


63. Theorem 1: If the sth polar of P passes 


through Q, then the (» —5s)th polar of Q passes through P. 
(Theorem of Reciprocity.) 


Theorem 2: The sth polar of a point P with respect 
to the kth polar of the same point with respect to a Hyper- 
surface V'.., is the ($+ 4)th polar of P with respect to 
Nadia 

Theorem 3: The elation of a Hyper-surface to ite 
polar Hyper-surfaces is a projective relation. 

Theorem 4: If we form the sth polar of a point P- 
with respect toa Hyper-surface, and the kth polar of 
another point Q with respect to this polar Hyper- 
surface, and so on, we finally obtain a Hyper-surface which 
is independent of the order of Polarisation: 


64. Consider that the point P(z) is any one (A,) of 
the fundamental points r.e. the coordinates of P are 
(1,0,0, ... 0) and intersect the Hyper-surface V*,.,, given 


* Consider the Hyper-surface formed by the faces of the fundamen- 
tal Simpliciasima, Jte equation is therefore —0 

Therefore the Polar Hyper-plane of y ia NAN HC AEN Ase Va =O 
If the point y is the point (1,1,...1), the Polar hyper-plane is Se, =0 
which is called the unit Hyper-plane. » 
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by the equation (1), by the fundamental H per-plane 
U,,,-—0 which passes through this point. The section 
will be a Hyper-surface of +, =, which will have its equa- 
tion EF PEST =0, where Lido un represents the result 


of substituting x, =0 in /. 


The first polar of P with respect to this H yper-surface 
will be 


OLS 12. —0 
| 9l/l,-o rer 
Now since S Dua =| Oto | ¢,=0 


the above first polar is also the intersection of «,=0O with 
the first polar of = with respect to V",._, This property 
can be extended to the second polar of = with respect to 
V7, since it is the first polar of the first polar. | 


Therefore any space S,_, through a point s intersects 
a V',. , and the sth polar of z with respect to V*,. , ina 
V'a- and in the sth polar of z with respect to V” 
(Hyper-surface of S, .,). 


In general, any linear space S,, which passes through 
a point z, interseots a V*. , and the sth polar of z with 
respect to V', , ina V*,., and in the sth polar of < 
with respect to V',., (Hyper-surface of S,). This is 
easily proved by applying the preceding theorem to the 
section of V"._, by the Hyper-plane of S,. 


65. Tangent Spaces : — 

Next suppose that the point P(y,) lies on the Hyper- 
surface V"._,. We find the condition that the line PQ 
meets the Hyper-surface in two coincident points. In this 
case we must have 7, =0 and A,/, =0. 





04. ANALYTICAL GEOMETRY 


"This equation, in which z is regarded as current coordi- 
nates, represents a Hyper-plane (passing through y). 
Hence the tangent lines to YY... at any of its generating 
points are contained in a H yper-plane called the “ Tangent 
Hyper-plane " to V"._, at the point. This Hyper-plane 
is the polar Hyper-plane of y with respect to V*,.,. 
Conversely, if a point lies on its polar Hyper-plane, the 
point lies on the H yper-surface. 


66. Polar Quadrics : 


The polar quadrie of any point P(y,) with respect to 
any V^,., bas the equation of the form 


fum 0 Sr» 
A*,f,-— Z ee ðn 


This Quadric has a double point z; f.e. is a cone, if 


=g oy T (k—0,1,2,...n) — (1) 


which shows that the first polar of z, given by 


SS =0 has a double point at y. 


Hence if the polar quadrie of P has a double point at Q, 
the first polar of Q has a double point at P, and vice versa. 


The condition for the coexistence of the equations in 


(1) is— 
=0. 


TA TUA I * si 7 
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and therefore the locus of the poles of the polar Quadries 
with double points or the locus of the double points of the 
first polars is a Hyper-surface yt MIX of order 


(n+ 1)(r—2), which is called the ** Hessian.” 


Note: All these theorems are obtained as extensions of 
the theorems in ordinary Geometries. Many other similar 
theorems can be obtained in this way. But we postpone 
for the present the discussion of these theorems or other 
deductions. We consider the case of Quadric Hyper- 
surfaces, and in doing so we shall use the notation used by 
Whitehead in his Universal Algebra, Vol I. 


67. Quadric Hyper-Surfaces : 


Hyper-surfaces of the second order are called 
* Quadrics" or “ Quadric Hyper-surfaces,” and it is de- 
noted by V*.., . 


The most general equation of a Quadric V*,., may be 
written as— 


Saoto +254, v, 0, (a)(x) —0O, say. 
Let Sooo o t dav (05x, + 2,2, )mCa)Cre)() 





If z be a point on the line PQ, where P and Q are the 
points x,, «",, ite co-ordinates may be taken as 


Xx, -- nag , (¢=0,1,2....) 


Substituting these values for the co-ordinates in the 
equation of the Quadrie, we obtain 


(a)(2z)* —A*(a)(x)* + 2Ap (a) (r)a) Hyla) —O ... (D 


This equation shows that if more than two points of a 
line lie on the Quadric, the whole line lies on it. If the 
equation (1) breaks up into two linear factors, the Quadric 


— 








96 ANALYTICAL GEOMETRY 


is degenerate and consists of two proper Hyper-planes of 
(x—1) dimensions corresponding to the two factors. 


An space of any dimension either intersects a Quadric 
in a Quadric Surface contained in that space f.e. in a 
Quadric Surface of dimensions lower by one than that of 
the space, or itself lies entirely in the Quadric. 


68. Poles and Polars : 


Consider the equation (@)(»)(«')=0. This equation may 
be regarded as defining the locus of the point +,, when the 
other point a’, remains fled and vice versa. When x, is 
regarded fixed, the locus is the polar of #', with respect to 
the Quadric (@)(«)?=0. The polar of a point will of course 
be a Hyper-plane of (n— 1) dimensions. The point ,', is 
called the ** Pole." 


The ordinary theorems on Poles and Polars obvidusly 
hold : 

LY) If any point «’, lies in its polar (a)(-)(2’)=0, we 
must have (a)(2')(°')=0, t.e. (a)(2')* —0.. Hence +’, lies on 
the Quadric itself. Thus all the points on the Quadric are 
reciprocally polars to themselves, or they may be called 
* Self-polar " with respect to the Quadric. In this case 
-the polar (2)(»)(4)-—0 is the “ tangent-space’’* at the 
point 2',. 

(ii) A enn, if the point lies in an (» —1)-space, the 
polar spaces all pass through a common point which is the 
pole of the (x—1)-space with respect to the Quadric. 

If the point lies in an (n —2)-space given as the inter- 
section of two (u—1)-spaces, the polar-spaces all pass 
through tbe two poles of the defining FUR Are s and 
have therefore a common line of interseetion. 
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And generally, if the point lies in an r-space, the polar 
spaces of the points must pass through the (n —7r) poles of 
the defining (#—1)-spaces and thus hays an (n—r--1)- 
space of intersection. 

Thus we see that spaces can be connected by a reciprocal 
relation :z.e. that of poles and polars of the abeve nature : 


An S,., space has one pole defining an space of zero dimension, 


R C Um , two poles ,, F one dimension, 
m ana » three ,, E YE two dimensions, 
33 L T 33 four T » m three T 
CE Daas T » T T t » (r— 1) CE 

etc. ete. etc. 


From these we infer that two spaces can generally be 
connected by a dual relation such that the sum of their 
dimensions is always equal to (n — 1).* 


We shall define two spaces S, and S, (r+ k=n— 1) as 
“Conjugate spaces," when there is a dual relation between 
them of the above nature. 


Thus the two conjugate spaces are such that the polars 
of all points in one with respect to a given Quadric have 
the other common between them. 


* Veronese —'' Ebenso heissen dual oder correlatif die Raüme, von 
denen der eine durch cine gewisse Anzahl unabhängiger Punkte und 
der andre durch eine gleiche Anzahl unabhangiger Ratime bestimmt 
wird,” 

Veronese has sought to establish a dual relation between spaces by 
the number of points and the number of equations determining them. 
Thus, n equations determine a point of zero dimension and n points 
dotermine an (n—1)-space ; (n—1) equations determine n line of one 
dimension and (»—1) points determine an (n—2).space, and so on. 


J Weronese—Grundzüge der etc., $. 159, p. 571. 
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69. Harmonic Properties: _ 

Consider the points in which the line joining two 
conjugate points P(z,) and Q(».,') intersects the Quadric. 
Any point on the line has coordinates of the form 
Ar, + po’, (1—0,1,2,...m). 

Then the equation (2) of §. 62 becomes :— 

A" (a)( 615 +" (a)(z')* —0 we (1) 
since (a)(.c)(2")=0. 

The two points of intersection must therefore be of the 
form Ax, +p2',. Therefore the two ccnjugate points æ; and 
a', and these two points of intersection of the line PQ with 
the Quadric V*,_, form a Harmonic Range.* 

70 We have seen that (a)(.)(«')=0 is the tangent 
space to the Quadric at the point «’,. 

Let asto taz, + ... 4a,7r,—0O be the equation of an 


(n—1)-space. The condition that this should be a tangent- 
space to V*,., is obviously— 


a Go; Qos om Gen a, =O. , 
Gaio G4 4 Gi. Gin a, 
d s o Aes Ges Asn a. 
- m * 
Guo Gas Gas ben ae 
ao a, as cee: ln O0 


This condition can be written in the form 
SAogo%" +24, 1050, =0 
or (A)(a)* —0 el (A) 
where Ae So, etc. A being the determinant 


Ai (aso Fy, 2,4... ). 


* O. A. Bcott : Modern Analytical Geometry, §. 40. 
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If now we denote the coordinates of the given (n—1)- 
space by A,(7—0,1,2,...n), then the condition that this may 
be a tangent-space ean be written as 


(A)(A)?=0 vid LAS 


. Thus we have two conditions :—(1) the point x, lies on 
the surface (a)(7)* —0O, and, (2) the space A, is a tangent- 
space to the surface ( A)(A)* —O. 


The equation (B) may be called the tangential equation 
of the Quadric V*, ,. 


Thus a Quadric may be generated in two ways: (1) as 
the locus of a point ; (2) as the envelope of a tangent- 


space.* 
71. Self-polar Simplicissima : 


We can choose the fundamental Simplicissima in such a 
manner that the fundamental points are reciproeally polar 
to each other with respect to a given Quadric. 


,Let (a)(r)* —0 be the equation of a Quadric. 


The coordinates of the fundamental point A, are 
(1,0,0,0,...). Its polar space isto be the fundamental 
(»—1)-space U,. “But the equation of its polar space is 


(a)(2)(1)=0. 


= Cf. Prof. Cayley —* e ? Thus we arrive at the notion of 


double generation of n k-fuld locus—such locus is the locus of points, or 
say, of the '" inoun?" pointe thereof ; and it is also the envelope of the 
tangent.omala thereof. We have thus a theory of duality. This theory 
is essential to the systematic development of n-dimensional Geometry, 
the original classification of loci na 2-fold, 3-fold etc. is incomplete and 
must be supplemented with the loci reciprocally connected with these 
loci respectively. And moreover the theory of the singularity of a 
locus can only be systematically established by means of the same 
theory of duality. e-.e 3 
Phil, Trans. of R. Soc, of London, Vol. CLX, 1870. 
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" We must have a,,—a,,= ... =a,.=0. — 
in other cases, 


Thus the equation of the Quadric is reduced to the 
form— 


Gogo "ota, d" TT R E da «SU ase (C) 
we call this the “ self-polar Simplicissima." 


In order to construct a self-polar Simplicissima with 
respect to a given Quadric we proceed as follows :— 


Let A, be any point not on the Quadric. "Take the 
polar space of A, with respect to V*, ,, which is of (n—1) 
dimensions and does not contain A,. The intersection of 
this with V*,., is another Quadrie of (5—2) dimensions* 
V*. , contained in it. Take any point A, in this polar- 
space not on the Quadric. Next take any point A, on the 
intersection of the polar-spaces of A, and A,, and so on. 
Thus ultimately (7+ 1!) independent points are obtained, all 
reciprocally polar to each other with respect to a given 
Quadric. 

72. Generating Spaces of a Quadric: 

In ordinary Geometry of three dimensions we have the 
proposition : “ Through any point of a,conicoid generating 
lines, real or imaginary, can be drawn." This proposition 
has been generalised by  Veroneset and stated in the 
form :— 


* If the complete space be of 2, or 2, —1 dimensions, 
the subordinate spaces, real or imaginary, contained with- 
in any Quadric surface will be of (y — 1) dimensions.” 

We have seen in the preceding article that (»4- 1) points 
of space can be determined reciprocally polar to each other. 


© Vide— Bertini, loo. cit. Clap. VIII, $6. 2-3. 
+ Vide—Veronese, loo, oit, 





x — IT 
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Now the question is to determine the number of such 
points which can be found to lie on the Quadrie surface. 


Now, if a, be a point on the Quadrie, it lies in the polar 
space (2)(.5)(a,) — 0. If a, be another point on the Quadric 
lying in this polar, (2)(«,)/2,) —0, and the points a,, a, are 
such that each lies in the polar of the other. Hence any 
point on the line a,a, lies in both polars and.on the 
Quadric. But the polars intersect in an (#—2)-space. 


Now take another point a, on the intersection of this 
(x —2)-space with the Quadric. Then 4,,2,,2, are recipro- 
cally polar to each other and any point im the plane 
(a,,a,,2,) lies in the interseetion of the three polar spaces 
and on the Quadric. But the intersection of three polar-_ 
spaces is an space of (» — 5) dimensions. Next take another 
point a, on the intersection of this (»—3)-spaee with the 
Quadric, and so on. Suppose that we have thus selected k 
points reciprocally polar to each other, whieh are of course 
such that each lies on the polar-spaces of others, as well as 
on that of itself (since it lies on the Quadric). If these k 
"points be independent, their polars intersect in an space of 
(n—k) dimensions,* ‘which contains the k points, Since 
these k points are independent, we must have 


. n—k+1>hk 


+ 2kheon+1. ‘Thus the greatest value of k is the highest 
n+l 


M Thus if » 245 or 4—?34—1, 


number of integers in 





the value of ^ is n 


|. Therefore we have k or » independent points lying on 
the Quadric and these define an space of (4 —1) dimensions 
contained in the surface of the Quadric. 


* Seo 5. 68. 
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73. Quadric Hyper-cone : 

Corresponding to the ordinary Cone in the Geometry of 
three dimensions, we have a Quadric H yper-surface in n- 
space which will be called a “Conical Quadrie Hyper- 
surface." 

Veronese has given the following definition* of the 
general Conical Quadrie Hyper-surface :— 

The figure formed by the lines which join the point V, 
with the points of the system F*, is called ** Kegelflüche ” 
or “ Kegel of the first kind." (F^, is a Hyper-surface of 
ordet and dimension p. V, is the vertex, and F^, is the 
base system of the cone. "The [ines which join V, with the 
points of the base are called the generators of the Hyper- 
cone. 

To find the condition that the general equation of the 
second degree should represent a cone.t 

The equation is written as (a)(xr)* —O ux (A 

Let (a) be the vertex V, and »', any point on the Cone. 
Then for all values of A and p, the point whose coordinates 
are AC. Laa, must lie on the surface. 

Hence substituting in the equation (1) of the surface we 
obtain— 

A*(a)(a)*--244(a)(a)(»')-Fa*(a)(a)* =ù ... (II) 


But (a) and (2') lie on the surface. 
7. (a)(a)* =0 nnd (a)(2")* =—0. 
* “Die Figur, welche von allen Graden gebildet wird die den Punkt 
Vo mit den Ponkten des Systema F“, verbinden, heisst Kegelfliche 
oder Kogel erster Art. V, ist die “ Spitze '' und F=, des leitende System 


des Kegels. Die Graden, welche die Spitze mit den Punkten des leiten- 
den Systeme verbinden, heissen dio  " Erzengeden S des Kogels. 


Veronese—loc. cit. $. 179, Def* I. 


+ For brevity of expression we write '" Cone" for “ Conical Quadric - 
vi - - 


LE 
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^ (a)(a)(z') —O for all positions of 2’. 
Now, (a)(a)(z') —O can be written as— 
Go, 5459 aT, a, uz. -e H-a5, (a5 x, +a,2',)+ ... =O, 
or [a,,a,-Fa,,a, + ... Og ete} t'o Laga +4, a5 + 
e. év sg, ... HR... =O ... LUIT 


This is to be satisfied for all positions of the point (z') 
i.e. the coefficients of 2’,,z',, ... ©", in (III) must identically 
vanish. 

Eliminating the (n--1) quantities a,,a,, ... a, between 
the (z+ 1) equations thus obtained we obtain the condition 
A =0, where A is the determinant 


Gio ay, J "ai 
Geo ay =.. =. Gas 


Hence the condition that the general equation of the 
second degree should represent a conical Hyper-surface is 
the vanishing of the determinant A. 


74. Consider the two Quadric Hyper-surfaces 
(a)(x)* =S=—0 and (a')(z)*—S'—0, 


Then S-FAS'—O represents a quadric Hyper-surface 
which passes through the intersections of S and S', 

This will represent a conical Quadric Hyper-surface, if the 
determinant (a55 4-Aa'5 5,0, J +a’, ato Gan 4- Aa. A I on 

This is an equation of the (n--l)th degree in A and 
therefore there are (n--1) values of A for which S+AS’=0 





may represent a conical Hyper-surface. 
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Thus in general (n+ 1) conical Quadrie Hyper-surfaces 
ean be drawn through the intersections of two Quadric 
H yper-surfaces. 


We may prove also that “ the vertices of these conical 
Quadric Hyper-surfaces form a Self-polar Simplicissima," 
This is really an extension of a theorem in three dimen- 
sional Geometry. 

75. Sections of a Conical Hyper-surface : 

“The Conical H yper-surface V, — F^,* of p dimensions 
and order » is intersected by an space S, of k dimensions 
through the vertex V,, in general, in a Conical Hyper- 
surface V,— F^,,,.. of k+p—n-+1 dimensions and order 
m which can reduce to a system of m lines."t 


Any space S,_, drawn through the vertex V, intersects 
the base-space 5,_, in an space S, , , which has at the 
most m points common with F^,. These points with the 
vertex form the m generators of the Conical Hyper-surface 
which lie in the space S, ,. Each space S,., contained 
in S, , intersects F“, at the most in a surface F,4,-. of 
k--p—n dimensions.] If we join the vertex V, with 
S,.,,we obtain an space S, which intersects the conical 
Hyper-surface in a Conical-surface  V,— F^,,,-. of 
k+p—n-+1 dimensions and order m. 

If k=n— l, then the conical Hyper-surface of section 
is of p dimensions. If p=n—2, then a plane through the 
vertex intersects V, —F*, , at the most in m lines. 
Corollary : 

If the Hyper-surface F^, in S., is a Hyper-surface of 
the second order, or a spheric S*,.,, then the conical 
Hyper-surface is of the second order. 

* This notation ia used by Veronese —loc. cit. $. 179. Def" I. 


+ Cf. Veronese—loc. cit. 5. 179, Satz I. 
I Veronese-—loc. cit. $. 178, Satz I. 


d 
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In this ease each plane through the vertex cannot inter- 
sect it in more than two generators, and in general, an 
space of r dimensions through the vertex intersects it in a 
conical hy per-surfaee of the second order of (r—1) dimen- 
sions (r=3,4, ... n— i). 


76. Veronese has given another form of a conical 
hyper-surface: We give here the definition of such a 
surface :— | 


“We shall consider two dual spaces 5S, and S, . , 
which do not intersect each other.” 


Let F”, be a given hyper-surface in S,_._, and let 
pecnu-iu—1. 

The space of + +1 dimensions, which joins the space 
S. with the points of the hyper-surface K*,, forms a 
conical hyper-surface or a cone of the rth order, which is 
of p++) dimensions ; S. is the vertex-space, F', is the 
base-surface of the cone. The spaces which join S. with 
the points of the base-surface are called “ generating 


spaces." 





— —— 





CHAPTER V. 
PARAMETRIC REPRESENTATION. 


44. The literature on the Geometry of Hyper-surfaces 
is very limited and most of the few authors who have seen 
their way to deal with the subject have taken up a stand- 
point, by no means based on elementary ideas, but to a 
high degree technical, depending on intricate differential 
formulae. Having but imperfect knowledge of continental 
languages the writer is not in a position to fully ascertain 
how far the authors in those languages have adopted 
familiar elementary ideas in developing the Geometry of 
Hyper-surfaces with the application of differential methods, 
but in almost all treatises on differential Geometry refer- 
ences are made as to the suitability of these methods to 
higher Geometries. The present writer only avails himself 
of those references and ventures, though in some cases 


lacking confidence in their generality and Geometrical 


interpretation, to generalise the formulae used iu the 
ordinary differential geometries, not knowing how far he 
has been anticipated by others. Kommerell* in his disserta- 
tion has given a treatment of two-dimensional spreads in 
four-dimensions. The present paper will deal with surfaces 
in a four-space. 


A single relation in four variables (.,y,2,¢) represents a 
Hyper-surface in four-space. Along the hyper-surface, each 
of the variables can be conceived as expressible in terms of 
three variable parameters. ‘Two relations in four variables 


. represent a surface (two-dimensional spread) in four-space, 


Along this surface each of the variables can be considered 


ë Karl Kommeroell— Riemaunsche Flächen im ebenen Raum von vier 
Dimensionen-—Math. Ann. Bd. 60, 


- 
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as expressible in terms of two parameters. In a similar 
manner, three relations in four variables may define a curve 
in four-space along which each of the variables can be 
considered as expressible in terms of a single parameter. 
Eour such relations, in general, define a point or a number 
of points. Hence it follows that two hyper-surfaces in 
four-space intersect io a surface or surfaces, a hyper-surface 
and a surface intersect In a curve or curves and two surfaces 
intersect in a point or points. 


Starting with these preliminary notions we can assert 
that the equations— 


rf, (u,v,w), y —f,(n.v,w), sf, (tv, w), (f (v0) ... (1) 


where N-P, are variable parameters, define a hyper- 
surface. 


Assigning particular values to any one of the para- 
meters (say x) the locus of the point (z,y,z,7), as v and o 
vary, is a surface on the hyper-surface, for (r,y,z,^) are 
now funetions of two parameters. Suppose now that the 
three parameters are connected by the relation 


phu, 9,10) —0 esk 2) 


Equations (1) and (2) will then define a two-dimen- 
sional spread or a surface on the hyper-surface. 


In particular, any one of the three relations n —^(const.) 
Peb (a const.), w=c (a const.) may be taken corresponding 
to equation (2) and in tbat case each of them may be taken 
to represent a surface, These may be called “ parametric 
surfaces" on the hyper-surface. The three surfaces meet 
in a point P, whose position may then be considered as 
determined by the values of the parameters wu, v and w 


and these values may then be called the “ Curvillinear 
Co-ordinates ” of P. 





b 4 
* 
' 
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The functions A,B,C, ... thus detined are analogous to the 
functions F,G,H used by Gauss.* For any. other surface, 
the expression (5) will have the same form, subject to a 

- different relation between Wx, dr, dw depending upon the 
particular surface selected. Consequently the value of ds 
given by (5) is the element of are on any surface of the 
hyper-surface. This may be called the linear element of 
the hyper-surface. 


78. The surfaces v=—4, w =c intersect in a curve OL 
on the hyper-surface. Similarly, w=c, «=a intersect in 


OM and #=—a, v-=é intersect in ON. The curves OL, 
OM, ON may be called the “parametric curves” on the 
hyper-surface. 


The direction-cosines of the tangent lines to these 
curves are respettively proportional to- — 


dus w ad. ' Be v dvd, ^ E ui aai wd * 


where the suffixes indicate differentiation with respect to 
the parameters. 


Now, if /,,l,,/,./, be the direction-cosines of the normal 
at O to the hyper-surface, since it is perpendicular to the 
three tangent lines, the following relations hold :— 


Le Hl y . =0 © 
Love tly tlan ING, 
lm. yl utli 50 J 


Solving these equations for /,,/,,/,,/,, we obtain 








l 
| KL. zm a = SAT COS 
li B y 9$ Js 





* Disquisitiones generales cira {superficies curvas (Eng. Trans. by 
Morehend and Hiltebite). 





Pw WI dw 
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where 


.2 Olysts ga Bs) 22 8CyD s= Blye) 


FANS (uve) 2x 8 (nue) = -98 (u, vw) e (uvae v i 





On simplification it will be found that 
a? + B* +y"7 + — ABC 4- 2FGH—AF*—HBG*—CH* 


=A (say) 


1 " 
n li /a=l,/B=l, /y= l 8E JE . 


_ — 


Thus the direction-cosines of the normal at O are 
aut aa T E. 
VA VA VA YA 
If © be the hyper-plane angle between the tangents to the 
parametric curves, we must have— * 


 ABCsin'O—Zz| rz. y. ga 4 
* y. f. 

Ee Ve Se - fay, 

_ ABC +2¥GH—AF*—BG*—CH*=A Eis, 


ee sin *(— be 


* 


The direction-cosines of the tangent plane to the para- 
metric surface «=a, which is determined by the tangent | 
lines to the parametric curves OM, ON, are given by 





6 z E k " 
Á] m Pr 
"^ E * 


vy ap 
A, 
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If a,,b5,,c,. f, ,g,, are proportional to the direction-cosines, 


Og  ,— OG) .. 063) 
Oluw) ' (vw) ' ' ð (vw) ' 


(tL. = 





m Olt) a , — Ost) 
s Olow) 7 Qiv,w) ' , O (vw) 








But a", +b”, +c, -Ff*,--g* tht, 
=E (ey rey)? =S0*, E Ern)" 
=BC— VS 


' The direction-cosines of the tangent plane to the surface 
nu —u are-— — 


T a s bij wB0- 
f ıl BC -F° , etc. — 


Similarly, the direction-cosines of the tangent planes to the 
surfaces v=b and w=ce are respectively 





a,/“CA—G? . b,/ /CA —G?*, etc. o (9) 
and a,/  AB—H*, b,/ /"AB—H, etc. zs CR) 
where ü.— Sc )^ etc. and a,= 2 TA , ete. 


IF 0, be the angle between the tangent lines to OM, ON, we 
have— 


- r l Tos l - d 
cos 0, = . oe sd v Na T P actt.t. — _ F , (11) 
— Sz*. . f/f RES X “BC “BC 


Similarly, if 6,,0, be the angles between the tangent lines 
ON, OL and OL, OM respectively, we have— 


cos 0, — — , and Paty Peat oe vu — LAM) 
^ CA 


— —— 


V AB 
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bPa  BC—F* 


sin*0, —1— 


BC — BC 
-= 24 — BC— | x 7 " ^ i L + -_ J 
. sind, = A — ` similarly, 5110, = TI 
AB—H* 
1 in 0.— —— 
unc sin 6. AB (13) 


If ©, be the angle between the planes (9) and (10), we have 


Hat . 3- b. b. PAD a fa + 9.4 thigh ^ 
VCA—G* - /AB—H'* 


sin, sin, cose, * — 


ABC (a,a,+b,b,+ LL.) 


cosd, = — né Vie i — 


(CA—G*)( AB—H?) 





— VBC (GH —AF ) 


Es A MGE — ENT SS 
(CA—G*Y(AB—H?) 
Ac — * | BWAC (FH—BG) 15 
Similarly, cose, —(BC— F*)LAB—H*) (15) 
cose, = Ü ABC FG—CH l (16) 





(BC—F*) AC—G" } 


Definition: When three families of surfaces upon a 
hyper-surface are such that through any poipt, one and only 
one surface of each family passes, and the tangent planes at a 
point to the three surfaces through it are mutually perpendi- 
cular, the surfaces may be said to form a “ triply orthogonal 
system " of surfaces. | 

Now, if the three tangent planes are mutually orthegzonal, 
we have— 

cos, —cosdo, =cosd, =0 

- GH—AF=FH—BG= FG—CH —0 

[.e. FGH-—AF*-—BG*-—CH*"? 


* Bee $. 1. 


Ñ 
A) 
U 
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Hence, a necessary condition that the parametric surfaces 
upon a hyper-surface form an orthogonal system is that 

NFGHZÉZAF?2:2B80*::0H* sien œ k G. 
This condition is also sufficient. 


We have seen that the six direction-cosines of a plane are 
connected by the relations* 


a? +b? -- c* -- f* --g* 4- 5*3 —1 
af 4- —— 

Itis easily seen that the direction-consines of the three 
tangent planes satisfy similar relations. 

79. The quantities A,B,C, ... as defined above have 
important applications in the differential Geometry of 
Hyper-surfaces and are independent of the particular selec- 
tion of orthogonal co-ordinate axes. 

Consider the effect of orthogonal transformation :— 

t =a +l etl ytl, +t 
Y =b+m,2+m,y+m,e+m,t 
z'zcJd-n.c-d-n,y-m,.--n,f 
t'—d-FEp,z--p.y- p.c p.t K 
We have then 
A'= 2r LL, LLAN, tlt. tltu)" 
EE LH LL 1 
+2e.y. SL, L, 94-61, 9,1 

T2y.2, LL, 4-29, t, RUE, E28 Lt, LL, 

— tyt tt. CL 

=Af S =1 etc. and B., = 51,1, =... =0] 

* See §. 13. 


H 
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Similarly, 
F'—EmEsSSGU"V—Xmmx-G yt tlt. Om My. 
FP e FY Yan . M 
=F 


The quantities A,B,C,F,G,H may be called the “ funda- 
mental magnitudes " of the first order. 


80. The differential form of equation of a hyper- 
surface can be very easily obtained, by considering the faet 
that any normal to the hyper-surface is perpendicular to 
any direction in the tangential space. Let dr,dy,dz,dt 
denote any direction in the tangential space and P,Q,R,S 
the direction-consines of the normal at a point O. 

Evidently, therefore, we have 


P4. + Quy + Rdz+Sdt=0 — | (ERD) 


which is the differential equation of the hyper-surface. 

When z,y,z,¢ are given as functions of x,v,w and conse- 
quently P,Q,R,5 are deduced, the equation is satisfied 
identically. This is as it should be, for the integ] equa- 
tion is implicitly contained in the expressions for z,y,z,t. 

If P,Q,R,S be given as appropriate functions of r,y,2,t, 
the equation Pd. + Qdy + Rdz-+ Sdt —( represents a hyper- 
surface @=const., only when 


P:Q:R:8= 09 ; 89 - OF; OF. wd EY 


—— 


BB A 8y à: 8i 


Hence, P,Q,R,S must satisfy a certain relation, whieh we 
proceed to determine. 
From equations (20) we have 


9$ =pP, 5; <. SL =u oP =u, 


f 
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where » is indeterminate. 








é. pis 7$ = © GQ) 

— TH PS, -499 4 Qe 

RPR EE om 

Similarly, vL o —-5. )=R $e —Qt (22) 
( 9r —99 ) =s 2+ PS . (25) 
5 (29 -ƏS ) =s Se -Q8r C (98) 


If now we multiply (21) by (24), (22) by (25), (23) by 
(26) and add, we obtain 


R-U. 


ot! oO: 


oR _oP OQ 0S). 
iG cru r 72 aee 
which is the condition of integrability to be satisfied. 


Hence the direction-cosines of the normal to a hyper- 
surface must satisfy this condition. 


The converse theorem is also true. 





